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Abstract:  Land use planning is a significant component of environmental management. A characteristic problem arising in such 
planning consists in dividing a given area into land blocks for the purpose of optimally assigning a land use to each 
one of them and distributing resources or commodities over the resulting spatial arrangement. A specific instance of 
the above generic problem is the allocation of water to the land blocks. Both an extraction and a transport cost are 
involved in this case, thus resulting in a nonlinear optimization problem. This problem has been treated by the authors 
by means of genetic algorithms and cellular automata. The present paper gives an alternative approach based on 
stochastic evolution and on simulated evolution. These are evolutionary methods of the literature employed for the 
solution of classical combinatorial optimization methods, such as the graph partition and the travelling salesman 
problem. These methods are adapted for the solution of the water allocation problem. As in previous publications of 
the authors, the problem is formulated on a cellular background. A perturbation function is a basic ingredient of the 
stochastic evolution method and in the present paper it is defined so as to express local neighborhood interactions in 
the sense of cellular automata. The optimal solutions obtained from the present approach are discussed and compared 
to the results given by the authors elsewhere and to more conventional treatments of the literature. 
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1. INTRODUCTION 

Land use planning and resource allocation are significant components of environmental 
management. In all activities related to these operations the spatial aspect is the predominant 
feature, with distributions and interactions taking place over space.  

Regarding resource allocation it is not sufficient to distribute goods or commodities to various 
recipients, but also to account for the geographical distribution of the recipients and the resources, 
as well as for the spatial extraction and transport procedures of the commodities. 

The whole scheme must also be embedded into a more general land use planning action, which 
in turn both affects and is affected by the resource allocation. In this sense a more inclusive 
planning consideration will involve optimization procedures based on objective functions that will 
be spatial and nonlinear, in order to represent a strongly interactive environment. 

It is noted that the two component activities, namely extraction and allocation are very seldom 
treated in a combined or conjunctive fashion, mainly because their study falls under the realm of 
different scientific disciplines. For instance, if the resource to be managed is water, extraction is a 
subject of hydraulic engineering, while allocation belongs to the area of operations research.  

In the first case the treatment is concentrated on minimizing, e.g., pumping cost and in the 
second case water is accounted for through its price at different locations. The present paper deals 
with the combined allocation and extraction problem, thus bridging the gap and giving a unified 
treatment of the two management activities. 

In this context a problem of spatial resource allocation is presented here. A fictive rectangular 
area is considered, divided into land blocks. These may be thought of as cultivated plots. The plots 
receive water from wells placed in given positions. The cost involved in supplying the whole area is 
divided into the extraction and the transportation cost. The amount to be supplied to the individual 
blocks is given, as their water needs are considered to be known. 



54 E. Sidiropoulos & D. Fotakis 

 

The problem can be made more complicated by adding the possibility of having to choose 
among various cultivations and considering the corresponding economic benefits. Also, the 
resource (in this case water) allocated to each land block could have, beyond the transport cost, a 
different usage cost depending on location. However, these more complex variations of the problem 
would not alter in any fundamental way the idea of the approach presented. In this sense the 
problem treated here can be considered to have a generic nature regarding spatial optimization.  

The same problem has been presented elsewhere by the authors (Sidiropoulos and Fotakis, 2009) 
and solutions were given by means of genetic algorithms and simulated annealing. In this paper the 
methods of simulated and stochastic evolution will be shown to be competitive alternatives to 
simulated annealing. 

In the reference cited above the problem was treated in the form of a cellular automaton. The use 
of cellular automata as optimization and not only modeling schemes was introduced and established 
in groundwater engineering by Sidiropoulos and Tolikas (2008) and Sidiropoulos (2011a and 
2011b) in related works. The cellular automaton concept has been utilized in a different context, 
namely in forest planning (Strange et al., 2001; Heinonen & Pukkala, 2007; Mathey et al., 2008).  
In the present work the cellular automaton concept is preserved and, moreover, the simulated and 
stochastic evolution methods will be adapted, in order to provide the local transition rule necessary 
for the cellular automaton operation. 

2. PROBLEM DEFINITION 

A rectangular area is considered, divided into land blocks as shown in Figure 1. The position of 
three wells is also shown, from which water will be extracted and transported to the individual 
blocks. As in Sidiropoulos and Fotakis (2009), the orthogonal blocks or cells are numbered along 
the lines of the rectangle, taken consecutively. 

 

Figure 1. Division into land blocks and wells (the colors correspond to the respective wells). 

Two categories of cost are considered: transportation and extraction cost. The optimization 
procedure aims at minimizing the sum of these costs. 

The problem is formalized as follows: (Fotakis and Sidiropoulos, 2012) 
Let C = {1,2,..,  }  be the set of cells numbered consecutively and W = {P, Q, R,…} be the set of 

wells. 
Let w : C → W be a function assigning to each one of the cells the well to which it is connected, 

i.e. w(i) ∈ W, i=1,2,3.., . The function w may be called a configuration. It represents the connection 
of each cell to a certain well. The block arrangement of Figure 1 may be considered as a cellular 
automaton and the value of w(i) may be identified as the state of cell i. A local transition rule is now 
needed in order to complete the definition of the cellular automaton. This rule will effect the 
guidance of the cellular automaton to optimal configurations. 

Every configuration is associated with a certain cost s, which can be represented as a functional, 
mapping the set of all possible configurations to the set of positive real numbers: s[w] ∈ ℜ+. 
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Figure 2. Inverse image of well v. 

The functional s is determined as follows (Fotakis and Sidiropoulos, 2012): 
Let q(i) be the water discharge supplied to cell i, in order to satisfy the needs of the land block. 

Thus q is a function from the set of cells to the set of positive reals: q: C → ℜ+ . 
If v is a well, v ∈W , then 1

v w (v) {i : w(i) v}−= = ∈ =C C is the inverse image of v under the 
mapping w (Figure 2). 

The discharge applied at well v will be equal to: 

v

v
i C

Q q(i)
∈

= ∑  (1) 

Since there are J wells, the drawdown at well j will be equal to: 

j j 1 2 Jh (Q ,Q ,..,Q )Δ = ϕ  (2) 

where the function φj expresses the groundwater model adopted. Such an analytical model has been 
implemented by Sidiropoulos and Fotakis (2011). 

Finally, the cost of pumping water from the wells is equal to: 

J

E j j
j 1

s Q h
=

= Δ∑  (3) 

In view of Eq. (1), Eq. (3) is written as: 

j
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verifying the fact that sE, the water extraction cost, is indeed a functional depending on w. The 
expression: 

Ei i w(i)s q h= Δ  (5) 

gives the local value of the water extraction cost. 
It must be noted here that Eis is not a function of the conditions at cell block i only, but of the 

whole configuration w, as the drawdown Δhj depends on the overall distribution of the wells among 
the cells, as shown by Equation (2). 

The transport cost will now be expressed as: 
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T i,w(i)
i 1

s d
=

= ∑   (6) 

where (xi, yi) are the coordinates of the center of cell i and (xw(i), yw(i)) the coordinates of the well to 
which cell i is connected. The local value of the transport cost is given by: 

Ti i,w(i)s d=   (7) 

It is obvious from Eq. (6) that sT is also a functional of w and from Eqs (4) and (6) the same is 
true of the total cost s, which forms the objective function f of the problem:  

f[w] = s = sE + sT  (8) 

No relative weights were assigned to each one of the terms of Equation (8). A more 
comprehensive treatment would involve a multi-objective approach, but this is the subject of a 
further study. 

The local value of the objective function is given as follows after normalizing the expressions of 
Equations (5) and (7): 

si = sEi /sE + sTi / sT  (9) 

The expression of Equation (8) will be further normalized, in order to restrict its variation 
between 0 and 1: 

i i i k1 k
g [w] = s   s / max{s } i 1,2...,

≤ ≤
= =  (10) 

where, as it is obvious from the above, is  is a functional of w, especially on account of the 
observation immediately following Equation (5). The functional gi[w] may be called a local 
objective function. 

In this paper the problem is treated by means of stochastic and simulated evolution.  

3. STOCHASTIC AND SIMULATED EVOLUTION. 

Stochastic evolution and simulated evolution are two related evolutionary methods designed to 
solve a large class of combinatorial optimization problems. (Sait and Yussef, 1999). The problems 
treated by these methods are modeled according to the following general scheme:  

Let C be a set of elements, W a set of nodes and w a function assigning each one of the elements 
i ∈ C to a node j ∈ W: 

w : →C W  

The function w is associated with a cost s, which is expressed mathematically as a functional, 
mapping the set Ω of possible functions w to the set of positive reals: 

+ℜ→Ω:]w[s  

Examples of problems treatable by simulated or stochastic evolution include classical 
combinatorial optimization problems, such as quadratic assignment, graph bisection and traveling 
salesman problems (Sait and Yussef, 1999). 
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The stochastic evolution algorithm will be described first in general terms and then in a form 
specialized for the present problem. The same will be done for simulated evolution in following 
sections. 

3.1. General formulation of stochastic evolution 

The stochastic evolution method also involves the above function w, mapping C onto W. It 
involves two auxiliary operations, namely perturb and update.  

The operation “perturb” is the basic tool of the method. Based on the current state or 
configuration w, the operator performs an alteration in the neighborhood of the current state w. The 
alteration is connected to an element i ∈ C.  Let (i)

1w  be the state obtained from w upon the 
application of the perturb operator. Also let the respective costs be equal to c = s[w] and c1 = 
s[ (i)

1w ], according to the functional notation introduced above. The operator is applied to each one 
of the elements of C. 

In a minimization problem, the test of accepting or rejecting w1 is the following: 
Let gaini= c – c1, where the subscript i indexes the elements of C.  
If gaini > Random(-p, 0), then (i)

1w  is accepted and it replaces w. 
 
Here, p is a control parameter depending on the particular problem. This parameter is updated 

after every cycle by means of the operator “update”. 
It is obvious that the condition just formulated allows in some cases perturbations with higher 

cost, just as it happens in simulated annealing. It is noted here that the acceptance operation is 
included in the subroutine perturb. 

The overall stochastic evolution algorithm runs as follows: 
 
Define  C as the set of elements 
  W as the set of nodes 
Initialize w, p, c as the cost of w,  

bestc = c and bestw = w 
Do 
 w = perturb(w,p)  
 c1 = s[w] 
 p = update(p) 
 If c1 < bestc Then bestc= c1; bestw=w; ρ = ρ – R 
    Else ρ = ρ+1 
 End If 
Until ρ > R 

 
It can be seen from the above pseudo-code that if the perturbation is successful, then the search 

is rewarded with R more searches, where R is a parameter of the algorithm. 

3.2. Stochastic evolution applied to the problem of spatial groundwater allocation 

The stochastic evolution algorithm specialized for the present problem is now formulated as 
follows: 

The set C is defined as C = {1,2,..,  }, the set of cells numbered consecutively and W = {P, Q, 
R,…} the set of wells, as defined in Section 2. These are identified as the sets C and W of the 
stochastic evolution method of the previous section. 

The number of cells (land blocks) and the number of wells have already been denoted as l and m, 
respectively. Also, let Ni be the neighborhood of cell i and ni its cardinality. A typical neighborhood 
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is shown in Figure 3. 

 

Figure 3. Von Neumann neighborhood 

The configuration w of the cellular automaton is initialized at first and then local perturbations 
are performed according to a generalized local transition rule. A new configuration results, and it is 
evaluated, in order to be accepted as the basis for the new cycle or generation. In the previous 
section a control parameter p was mentioned, in relation to the acceptance of perturbations. In the 
present problem, the parameter p is defined as follows: 

i1 i
p min{s }

≤ ≤
=  (11) 

where si, the local objective function value, is given by Equation 9. 
 

It follows that p is also a functional of w: p = p[w]. 
A cellular automaton is composed of the following elements: 
1. A set of cells. 
2. A neighborhood structure over the cells 
3. A set of possible states, so that each one of the cells will assume one of these states. 
4. A local transition rule that will act on each one of the cells. This rule will be a function of the 

cell’s state and of the states of the neighboring cells. 
 

In the present problem the set of cells, C , has been defined as well as the neighborhood 
structure, by adopting the von Neumann scheme of Figure 3. Also, a well is assigned to each cell 
and the well number will be identified as the state of the cell. The states assumed by the various 
cells of the automaton at any instant constitute the configuration that has been defined above as the 
function w. It remains to define the local transition rule. This rule will be provided by the perturb 
operator of the stochastic evolution method.  

More specifically, for each cell another one will be selected at random among the cells of its 
neighborhood. Then the cell in question will adopt the state of the selected neighbor, while 
abandoning its own state. This defines a local transition rule. The application of the rule will 
constitute a perturbation of the current configuration, associated with the specific cell. The same 
rule is applied repeatedly over all cells, always acting on the current configuration. This mode of 
operation is termed synchronous. Each one of the local perturbations is evaluated according to two 
alternative ways: 

(a) Based on the local values of the objective function (Equation 10) 
(b) Based on the global values of the objective function (Equation 8). 
 
The acceptance of the local perturbation will be done on the basis of the test based on the 

quantity gaini, as described in the previous section. The version of the stochastic evolution that 
involves local values of the objective function is shown below in pseudo-code form: 
 

*LOCAL VERSION OF STOCHASTIC EVOLUTION* 
*Initialize w and call it w

0* 

For i=1 to l 
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 w
0
(i) = RandomInteger(1,m) 

Next i 
 
*Evaluate initial configuration, using Equation (8)* 
f
0
 = f[w

0
] 

 
*Evaluate control parameter p* 
*according to Equation 11, as a function of w

0
* 

p
0
 = s[w

0
] 

 
While  ρ ≤  R 
  
 For i = 1 to l 
 

*Local transition rule starts* 
r = RandomInteger(1, ni) 
ri = rth element of Ni 
gaini = gi[w0] – gi[wri] (Equation 10) 
rp = RandomReal(-p0,0) 
If gaini > rp   
Then w(i) = w0(ri) 
Else w(i) = w0(i) 

  End If 
*Local transition rule ends*  

 
 Next For 
 
 *Evaluate perturbed configuration* 
 fpert = f[w];(Equation 8)  
 *Update control parameter p* 
 p = p[w](Equation 10) 
 
 If fpert < f0  
  Then f0 = fpert; w0 = w; p0 = p;  ρ = ρ – R 
  Else ρ = ρ+1 
 End If 
 
End While 

  
The other version is obtained if global values are utilized instead. This will result in much longer 

computation times, but will serve much better the purpose of exploitation, while a much faster 
exploration capacity will be exhibited by the local version, as will be discussed in the section on 
conclusions. 

Under the global version every local change involves the evaluation of the whole configuration.  
In order to lighten the resulting computational burden, this kind of local rule is applied with a 
probability, just like the probability of mutation in genetic algorithms. The perturbation effected by 
the rule consists in randomly selecting a member from the neighborhood of each cell and 
exchanging the corresponding water wells between the two cells. 

 
Let   w(i,j) be the configuration obtained from w if elements i and j are exchanged. 
Also, let pm be the probability of mutation.  The local transition rule is presented below in 

pseudo-code form. The code enclosed within the rectangular box will replace the corresponding part 
of the previous code, also enclosed in the same manner. It will be observed that, in the global 
version given below, no exhaustive search of the neighborhood is performed. Instead, as soon as a 
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neighborhood member is found that leads to a better result, the algorithm exits the local search and 
moves on to the next cell.  

 
*GLOBAL VERSION OF STOCHASTIC EVOLUTION* 
 
For i = 1 to l 

*Local transition rule starts* 
rpert = RandomReal(0,1) 
If rpert < pm,  

  Li = Ni;  li = ni;  
  While li > 0, 
   r = RandomInteger(1, li) 
   ri = rth element of Li 
   fi = f[w0(i,ri)](Equation 8) 
   pi = p[w0(i,ri)] 
   rp = RandomReal(-pi, 0) 
   If fi ≥ f0  
    Li = Li \ {i} 
    li = li – 1 
   Else  Exit While 
   End If 
  End While 

gaini = f0 - fi 
rp = RandomReal(-pi, 0) 
If gaini >  rp ; w0 = w0(i,ri);f0 = fi:End If 
End If 
*Local transition rule ends* 

 
Next For 

4. SIMULATED EVOLUTION 

The same problem is now treated by means of simulated evolution. A general formulation of the 
method will be given first. 

4.1. General description of simulated evolution 

The method of simulated evolution includes three basic operators, namely evaluation, selection 
and allocation, according to the terminology introduced initially by Sait and Yussef (1999). 

Evaluation consists in evaluating the goodness of each individual element. 
The selection operator differs from the homonymous one of other evolutionary methods both in 

the mode of operation and in the criteria of its application. More specifically, based on their 
individual goodness values, the movable elements are classified into two categories: The “selected” 
and the “remaining” ones, forming two corresponding disjoint sets Ps and Pr. The operator is 
applied via a stochastic test that gives individuals with a lower goodness a higher chance of entering 
the selected set. 

The allocation operator consists in re-placing or re-distributing the individual elements that 
belong to Ps. This operation is heavily problem dependent and is very crucial for the performance of 
the method. In the context of the present problem the allocation operator will be equivalent to local 
modifications. 

The simulated evolution algorithm runs as follows: 
 
Define    C as the set of elements 
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     W as the set of nodes 
 
Initialize Ps = ∅, Pr = ∅ 
Do 
 /evaluation/ 
 For i ∈ C compute fi (individual goodness)  

Next for 
 /selection/ 
 For i ∈ C  
  If selection criterion is satisfied, 
   Then Ps = Ps ∪ {i} 

   Else Pr = Pr ∪ {i} 
  End If 
 Next For 
 /allocation/ 
 For i ∈ C  
  Execute allocation (mutation) if i∈ Ps 
 Next For 
 
Until termination criteria are satisfied 

4.2 Simulated evolution adapted to the problem of spatial groundwater allocation. 

Naturally, the sets C and W are defined as in the case of stochastic evolution. 
The cellular automaton notion will again play a central role with the neighborhood structure and 

the set of possible states being the same as in the stochastic simulation method. The local transition 
rule will, in this case, be applied only to the cells belonging to the selected set. Again the same two 
kinds of such a rule will be considered, namely the one based on local and the other based on global 
values of the objective function.  

The main difference from the previous method lies in the selection operator. The selection 
criterion appearing in the pseudo-code of the previous section can be specified as follows: 
 

Let bias be a number in the range [-.20, .20]  
(Sait and Yussef, 1999)  
Let g

i
 be the local objective function value at cell i (Equation 10) 

Let r = RandomReal(0,1) 
If r ≤ g

i + bias then cell i is selected 
 
Since  0 ≤ gi ≤ 1, it is obvious that a greater chance of selection is given to cells of lower 

goodness. 

5. RESULTS – DISCUSSION 

A fictive rectangular area is considered with 15x15 rectangular blocks with three wells placed in 
the following positions: 

(x1 = 35, y1=0), (x2 = 30, y2=0), (x3 = 25, y3=0). 

The hydraulic conductivities around the respective wells are  

k1=0.05x10-3m/s, k2=0.5x10-3m/s, k3=1.2x10-3m/s. 
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The thickness of the aquifer was taken as b=50m, the radius of influence R=140m and the radii 
of the wells all equal to rw=0.10m. 

The problem of minimizing the combined water extraction – transport cost was treated by 
stochastic evolution first by means of the local version for a quicker exploration and then by the 
global version for a better tuning of the solution. 

 

Figure 4. Stochastic evolution (a) Initial mosaic, (b) Local version, (c) Global version 

Figure 4a shows a randomly generated initial mosaic. Figure 4b shows the result of the local 
version of stochastic evolution, while Figure 4c shows the result of the global version. The first 
result is obtained much more easily and it becomes the starting configuration for the global version, 
which finally delivers a configuration superior not only in terms of the objective function value, but 
also in terms of compactness. The latter is a very desirable feature in land use planning (Vanegas et 
al., 2010). In the literature (e.g. Aerts and Heuveling, 2002) it is treated by adding penalty terms to 
the objective function but in the present approach it is obtained as an emergent result. 

Analogous results are obtained by simulated evolution, as shown in Figure 5. 

 

Figure 5.Simulated evolution: (a) Initial mosaic, (b) Local version, (c) Global version 

A result comparable to the above local versions is obtained by simulated annealing, as shown in 
Figure 6.  

 

Figure 6. Simulated annealing 

As it is well-known, simulated annealing includes a perturbation operator as its basic ingredient. 
Also, a suitable such operator may serve as a local transition rule for a cellular automata 

      (a)                                (b)                                   (c) 

(a)                               (b)                                 (c) 
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optimization (Sidiropoulos, 2011b). In the present application of simulated annealing, the transition 
rule with global objective function values is used (section 3.2).  

6. CONCLUSIONS 

It is demonstrated in this paper that the methods of stochastic and simulated evolution can offer a 
competitive alternative to simulated annealing and to genetic algorithms in problems of spatial 
optimization. These problems are solved under the concept of cellular automata and the two 
methods exposed here may offer simple and attractive ways of formulating the local transition rules 
that form the basic ingredients of the cellular automata.  

It needs to be noted that the cellular automata concept is not utilized here for modeling or 
simulation purposes, but in order to perform optimization. For this reason the transition rules do not 
have a constant form, but they adapt themselves to the local values of the objective functions. 

Further research with regard to the methods presented here, especially in comparison to 
simulated annealing, would be worth pursuing. 
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