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Abstract: The aim of this research work is to assess flooding risk in a mountain river section, i.e. the determination of a 
relationship between water level peaks and the corresponding probability of non exceedance for a location of interest. 
This computation takes into account the bed aggradation or erosion of sediment during the flood and the interval 
between floods. For this purpose, fuzzy analysis is also used to strengthen the analysis of the existent data, especially 
in order to describe the landslide influence of the river flow. Hence, together with differential equations, conceptual 
and fuzzy regression based methods are used for this purpose. Starting from the numerical simulation and based on 
the extension principle, the membership function of the maximum hydraulic head can be also approximately built in 
case of fuzzy data. In the proposed methodology, the fuzziness is related with the influence of the landslide for a 
rainfall event. Although the simulation of Bellos and Hrissanthou (2003) is followed in this article, the main 
contribution of this work is that, the fuzziness of the landslide events is taken into account and hence, based on an 
approximation of the extension principle for fuzzy sets, the output, that is, the maximum hydraulic head, will be also a 
fuzzy number. Finally, since we conclude to a fuzzy magnitude, a fuzzy empirical cumulative probability distribution 
is developed. The results can be used to risk assessment of threatened areas with corresponding recurrence intervals. 

Key words: Fuzzy linear regression, Fuzzy extension principle, Fuzzy empirical cumulative probability distribution, Numerical 
simulation 

1. INTRODUCTION AND BASIC NOTIONS 

The aim of this research work is to assess flooding risk in a mountain river section, i.e. the 
determination of a relationship between water level peaks and the corresponding probability of non 
exceedance for a location of interest. These results can be used to prepare a risk map of threatened 
areas with corresponding recurrence intervals.  

The computation takes into account the bed aggradation or erosion of sediment during the flood 
and the interval between floods. As basis we use the data and the methodologies which are 
developed by Bellos (1997) and Rafaelli et al. (1995). In fact, it is rather impossible to analyze 
precisely and analytically these complex phenomena. Hence, together with differential equations, 
conceptual and regression based methods should be used. For this purpose, a fictitious variable is 
established which is called HM (hydro-meteorological) factor to take into account the landslide 
impact of the river flow. 

The results of the above work are that the total rainfall and the temperature, during the event, are 
important for all the examined parameters. Rafaelli et al. (1995) proposed the combination of all the 
parameters into the HM (hydro-meteorological) factor. This factor can be determined by using 
multiple regression analysis between these parameters. It is evident, that the proposed HM (hydro-
meteorological) factor is an auxiliary and fictitious variable to express the distribution of the grain 
size of bed material and average granulometric composition of the landslides. Therefore the 
landslide phenomenon is included in the analysis based on the HM factor. 

The general role of rainfall in landslide occurrence is that "rainfall results in increased moisture 
content, which can raise pore water pressures above the critical value necessary to induce slope 
failure" (Dai and Lee, 2001). The important period of antecedent rainfall, however, may changes 
from hours to weeks depending on local conditions, especially the soil permeability and thickness 
must be considered (Wieczorek, 1987; Dai and Lee, 2001). Other important studies try to determine 
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the critical intensity-duration relation according to which the landslides occur. Thus, Guzzetti et al. 
(2008) created a global database of 2,626 rainfall events that have resulted in shallow landslides and 
debris flows, according to the literature research. Guzzetti et al. (2008) proposed a rainfall 
intensity–duration critical curve (to determine the initiation of the landslide) for shallow landslides 
and debris flows. The new single and composite thresholds of Guzzetti et al. (2008) are lower or 
significantly lower than the other published global thresholds (Caine, 1980; Innes, 1983; Clarizia et 
al., 1996; Crosta and Frattini, 2001; Cannon and Gartner, 2005) for most rainfall durations. This 
limit (that is, the critical curve) can have a global application. In this study the aim is not to 
determine the initiation of the landslide, but to determine the total volume of sediment inflowing 
during the known event. This is achieved by using the artificial variable of HM (Rafaelli et al., 
1995) as aforementioned, whilst the produced relations are based on regional data. The approach of 
Rafaelli et al. (1995) was used by Bellos and Hrissanthou (2003) in order to achieve a numerical 
simulation which has the ability to include the landslide influence.  

Based on the conventional approach of Bellos et al. (1995) and Bellos (1997), the purpose of this 
article is to expand the methodology by including the uncertainty by means of the fuzzy sets and 
logic. First of all, it seems more reasonable, the hydro-meteorological factor to be described as a 
fuzzy number instead of a crisp number, because it is an approximate concept and furthermore, 
there is not enough data to support the conventional multiple regression approach. Thus, although 
the simulation of Bellos and Hrissanthou (2003) is followed in this article, the main contribution of 
this work is that, the fuzziness of the landslide events is taken into account and hence, based on an 
approximation of the extension principle for fuzzy sets, the output, that is, the maximum hydraulic 
head, will be also a fuzzy number. 

Finally, we estimate the risk based on fuzzy empirical cumulative probability distribution of the 
produced maximum water levels for the examined sections. 

2. HYDRO-METEOROLOGICAL FACTOR AND THE PROPOSED FUZZY 
METHODOLOGY FOR MASS MOVEMENT EVENTS 

Conditions of rainfall, discharge and temperature can be relevant during the occurrence of the 
mass movement. For each mass movement event, different hydro-meteorological variables can be 
analyzed such as the maximum hourly precipitation, maximum daily precipitation, accumulated 
antecedent precipitation, total volume of the rainfall event, discharges etc. In addition, it is 
suggested to include in the analysis the mean daily temperature in order to consider the effect of the 
rainfall instead of snow, in the higher zone of the mountain areas where usually the soil and rock 
material are very degraded. The use of hydro-meteorological (HM) factor is proposed as a concept 
which summarizes the severity of the outcomes from a rainfall event.  

The main idea is to combine all the parameters, which lead to landslide, into one parameter as 
follows (Peviani et al., 1999):  

HM = f (hmν l , j )   (1) 

where HM is shown as a function of l hydro-meteorological variables (hmv) in the different sub-
catchments j. 

The function is defined as the summation of the hydro-meteorological variables weighted with the 
sub-cathment areas, over the entire basin (Peviani et al., 1999): 
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HM   hydro-meteorological factor 
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j         summation index over sub-catchments (stations) 
m       total number of sub-catchments (stations) 
l         summation index over hydro-meteorological variables 
L        total number of hydro-meteorological variables 
hmvl,j  hydro-meteorological variable l, for the sub-catchment j 
Sj           surface area of the sub-catchment j 
S        surface area of the total catchment 
αi,β  regression parameters 
Rafaelli et al. (1995) examined the influence of the mean normalized storm volume, mean 

normalized 10 days antecedent precipitation, mean normalized 30 days antecedent precipitation, 
mean normalized 60 days antecedent precipitation, normalized mean daily temperature during the 
event, and the normalized mean daily temperature during the event. Only the total rainfall and the 
temperature, during the event, are important from all the examined parameters according to Rafaelli 
et al. (1995) for the case study (Peviani et al., 1999). 

Consequently, according to FRIMAR (1997), for its case study, the HM factor is dependent only 
on the mean normalized storm volume (MNSV) and the normalized mean daily temperature (NDT). 
Thus, the following conventional linear regression curve is achieved (Peviani et al., 1999): 

0 805 0 160 1 314HM . MNSV . NDT .= ⋅ + ⋅ −         (3) 

The authors proposed a fuzzy linear regression method instead of the conventional Equation (3), 
because of the lack of data and the uncertainty concept of the HM factor. The produced fuzzy H !M  
factor is used to describe bed aggradation or erosion of sediment during the flood. The matter which 
has to be addressed, is to consider fuzzy numbers as input in the simulation process. From a 
mathematical point of view, this problem can be solved by applying the extension principle which is 
going to be presented in the next sections. Unfortunately, we have not a simple function, but a 
complicated set of algebraic equations (numerical arithmetic scheme). The used arithmetic scheme 
is based on the water balance equations of mass and momentum in order to determine the maximum 
water level, that is, the bed level plus the depth of the flow for unsteady flow. In addition, the 
sediment transport equation is included in the arithmetic scheme in order to evaluate the bed 
changes. Based on the numerical scheme and the extension principle, an approximate solution is 
achieved with the aid of α-cut concept. Finally, we use the concept of fuzzy empirical cumulative 
probability distribution to describe all the available information for the maximum water level. 

3. FUZZY LINEAR REGRESSION ANALYSIS 

In order to investigate complex physical phenomena such as the interconnection between 
adjacent watersheds (Tsakiris et al., 2006), the rainfall-runoff process etc., and in order to 
incorporate complicated physical processes, what seems more reasonable, is to use fuzzy models. 
Furthermore, the fuzzy linear regression may be a useful tool to express functional relationships 
between variables, especially when data is not sufficient in numbers (Ganoulis, 1994). In contrast to 
the statistical regression, the fuzzy regression analysis has no error term, while the uncertainty is 
incorporated in the model by means of fuzzy numbers. 

The fuzzy regression analysis gives a fuzzy functional relationship between the dependent and 
independent variables (Papadopoulos and Sirpi, 1999). According to Tanaka (1987) approach, the 
problem of fuzzy linear regression is finally formulated as an optimization problem. Additionally, 
by using symmetrical fuzzy triangular numbers, the problem is transformed into a linear 
programming problem (Tanaka et al., 1982; Τsakiris et al., 2006). The fuzzy linear regression 
model proposed by Tanaka (1987) and Tanaka et al. (1989) has the following form:  

!Yj = !A0 + !A1x1 j + ... !Aixij + ....+ !Anxnj  , with j =1,…, m, i = 1,…,n  (4) 
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where n is the number of independent variables, m is the number of data, and iA
~

 = (ai, ci)L are 
symmetric fuzzy triangular numbers selected as coefficients (Fig. 1), which have the following 
membership function: 

µ
Αi αi( ) =

1−
αi − a i
ci

, if a i − ci ≤ αi ≤ a i + ci

0, otherwise

⎧

⎨

⎪
⎪

⎩

⎪
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 (5) 

where ai and ci are the centres and the widths of the fuzzy coefficients, respectively.  
The model of fuzzy linear regression produces a fuzzy band which can be calculated based on 

the extension principle of fuzzy sets and logic. In general, the extension principle enables us to 
define the crisp functions on a fuzzy domain and consequently the extension principle can be used 
in order to define the algebraic operations between fuzzy sets (e.g. Klir and Yuan, 1995). If the 
input data are crisp numbers, then the model of fuzzy linear regression can be interpreted 
mathematically by multiplying fuzzy numbers by crisp numbers, as well as by adding the fuzzy 
numbers. In case that the coefficients are fuzzy triangular numbers, the linearity remains also in the 
total regression output. 

 

Figure 1. Fuzzy triangular symmetrical number.  

The α–cut set of the fuzzy number A (with 0 <α ≤ 1) is defined as follows: 

!Aα = x µ !A(x) ≥α, x ∈ℜ{ }  (6) 

Notice that the α–cut set is a crisp set determined from the fuzzy set according to a selected 
value of the membership function and, alternatively, a fuzzy set can be practically derived from a 

significant number of α-cut sets. The α-cut set can be also written as: !Αa xa ,i , xa ,i( ) .  In case of α=0, 

the above definition (Eq. 6) can be modified without the equality in order to describe the zero-cut 
(Kitsikoudis et al., 2016). 

According to fuzzy linear regression model, the center and the width of the fuzzy coefficients 
could be determined by solving a linear programming problem with an objective function which can 
minimize the total spread of the fuzzy outputs, on condition that all the given outputs yj should be 
included in the estimated function Yj, which is equivalent to the following equation: 

µYj (yj) ≥ α, j = 1,…, m  (7) 

where µΥ is the membership function of Yj (Papadopoulos and Sirpi, 1999).  
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The above constraints arise from the concept of inclusion, the definition of which is provided 
below:  
Definition: The inclusion of a fuzzy set A to the fuzzy set B with the associated degree 0 1a< ≤  is 

defined as follows (Fig. 2): 

[ ] [ ]A B
α α
⊆  where [ ] { }AA x (x)

α
= µ ≥α .       (8) 

Based on the previous description, the fuzzy linear regression analysis is reduced to the 
estimation of !A0  and !Ai  = (ai, ci)L , i=1,…,n, that minimizes the spread of the fuzzy output, subject 
to the inclusion constraints. Therefore, the problem is transformed into a linear programming 
problem as follows (Kitsikoudis et al., 2016): 
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where i=0,1,…,n and j =0,1,…,m.  

In addition 
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boundaries of the corresponding α-cut of !Yj . 

 

Figure 2. The concept of inclusion in the case of fuzzy regression. 

It should be clarified that if we select α ≠ 0, the fuzziness of the model is greater compared to α = 
0. Many times, α = 0 was selected though, so that the calculation procedure can be simplified and in 
order to avoid a very large width. In addition, the optimal solution for α ≠ 0 can be easily achieved 
after considering the optimal solution of α = 0, since the centre of Yj remains the same, whereas the 
width can be evaluated using the width produced with α = 0 (e.g. Papadopoulos and Sirpi, 1999).  

In this article, the presented fuzzy linear regression method is used to determine the HM factor. 
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4. SIMULATION AND THE EXTENSION PRINCIPLE 

Let X be a Cartesian product of universe X = X1 × X 2 × ...× Xn and !A1, !A2 ,..., !An be defined in the 
universe sets 1 2, ,..., nX X X , respectively. Let f be a (crisp) mapping from X to a universe Y, 

( )1 2, ,..., ny f x x x= . The mapping f for these particular input sets can now be defined as

!B = y,µ !Β (y)( ) y = f x1,x2 ,...,xn( ), x1,x2 ,...,xn( )∈ X{ } , in which the membership function of the 

image !Β  can be defined (Zimmermann, 1996) by: 

µ !B y( ) =
(x1,x2 ,...,xn )∈ f

-1 y( )
sup min µAn x1( ),...,µAn xn( )( )  (11) 

where 1f − is the inverse image of f and sup is the supremum.  
The above principle is known as the extension principle. The implementation of this principle 

gives the opportunity to use a crisp function in which the variables are fuzzy numbers (Kechagias 
and Papadopoulos, 2007; Tsakiris and Spiliotis, 2014). 

Let a function with one independent variable as fuzzy number. In most cases, it is preferable to 
use α-cuts in fuzzy analysis. In case of the extension principle, the use of α-cuts can be also 
extended by determining the α-cuts of the function f, as follows (Buckley et al., 2002; Tsakiris and 
Spiliotis, 2014): 

f L !A( )
α
=min f x,α( ) x ∈ !Aα{ }

f R !A( )
α
=max f x,α( ) x ∈ !Aa{ }

⎧

⎨
⎪⎪

⎩
⎪
⎪  (12) 

The above equation holds in case that f is a continuous function and the fuzzy inputs are fuzzy 
numbers. In the most of the practical applications instead of the supremum, which is a more general 
concept, the maximum is used, as in Eq. 12.  

In order to simplify the problem of the fuzzy output calculation, we use only some characteristic 
α-cuts (0, 0.25, 0.5, 0.75, 1). That is, we suppose only discrete fuzzy numbers as inputs. The 
minimum and the maximum for each input as α-cut, will be the maximum and the minimum of the 
individual simulation of all the nested values of the corresponding α-cuts. It is evident in our case, 
even if we have an arithmetic scheme instead of a well defined function, that we suppose that this 
scheme has a continuous behaviour. In addition, since we have only one fuzzy parameter, our 
procedure does not require a large computational time. 

In other words, the procedure of Bellos and Hrissanthou, 2003 is followed for each individual 
simulation, that is, a numerical scheme to solve the differential equation of flow was applied. The 
contribution of the proposed methodology, is that, instead of a unique crisp value of the HM, we 
examine many values of this parameter. The values of the HM was selected based on its 
membership function (nested figure of the membership function) whilst based on the extension 
principle, the membership function of the hydraulic head can be also approximately built. The 
couple between the fuzzy approach and the simulation is presented in Fig. 3. 

5. NUMERICAL MODEL  

As aforementioned, we use the SEMAL numerical model (which is described by Bellos and 
Hrissanthou, 2003), that is, a morphological model, which consists of a hydraulic part, either a full 
hydrodynamic or a kinematic model, combined with a sediment transport model. These models are 
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based on the well known Mac Cormack numerical scheme (Mac Cormack, 1969), that is, an 
explicit, second order of accuracy, two steps predictor-corrector, suitable for hyperbolic types of 
differential equations. The hydraulic model is updated in every time step for changes in the river 
bed (e.g. bed slopes and roughness) and then the entire model can be considered as “quasi coupled”. 

 

Figure 3. Graphical representation of the e proposed methodology 

5.1 Hydrodynamic equations 

The unsteady flow equations in the conservation law form for irregular cross sections are:  
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∂

∂
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in which A = cross section area, Q = flow discharge, V = mean flow velocity, ql = lateral inflow on 
unit length, y  = baricentric distance from the free surface flow, Vl = velocity component of the 
lateral inflow in the mean stream direction, g = gravity acceleration, and S0, Sf = bed and friction 
slopes, respectively. 

5.2 Sediment transport 

The sediment transport continuity equation is: 

∂ zb
∂t

+
∂qs
∂x

= qls                                             (14)                                                                                                             
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where zb = bed level, qs = sediment discharge for unit width (m2/s) and qls = lateral sediment input 
for unit length and unit width (m/s) (Bellos and Hrissanthou, 2003). 

The sediment continuity equation per size fraction j(j = 1, …, N) is: 

∂Fjδ
∂t

+
∂qsj
∂x

+ Fj
*(
∂ zb
∂t

−
∂δ
∂t
) = qlsj             (15) 

where δ = active layer, Fj  = percentage of the j fraction, Fj
*  = percentage of the j fraction of the 

undisturbed material below the mixing layer (if 0<bdz  → erosion, otherwise Fj
* = Fj ),qsj  = 

volumetric discharge for each fraction for unit width and qlsj  = sediment input for each fraction for 
unit length and unit width. 
Μany researchers proposed the existence of an "active layer" which is considered "well mixed" 

and it is potentially in motion (Ribberink, 1987). In this layer, "the finer material is transported at a 
lower rate, because it is protected by the coarser particles" (Bellos and Hrissantou, 2003). The 
general form of the active layer thickness is: 

mf ( H , y,q,n,d ,...)δ =                            (16) 

where H = dune height, y = water depth, n = Manning’s coefficient, md = mean diameter of a size 
fraction in a mixture of different sizes (for gravel bed is H = 0.0).  

In this study, the active layer thickness is assumed to be (Bellos and Hrissanthou, 2003 and 
Ribberink, 1987): 

δ = 2 90d                                                     (17)   

where d90 is grain diameter for which 90% weight of a non-uniform sample is finer [m] 

A general sediment transport formula per size fraction is: 

sj j j m jq f (Q, F ,d ,d , n,....)=                   (18) 

In this study, the transport formula of Di Silvio and Peviani (1989) was used. For a rectangular 
cross section, the formula reads: 

q S Q
B d

F rsj

n m

p
j
q j j= +α 0

1                                  (19) 

where rj is the exposure-correction coefficient: 

rj= d F dj j j

N s

/
1
∑

⎡

⎣
⎢

⎤

⎦
⎥

                                            (20) 

where Β = stream width, Fj = fraction of the class j, dj = grain diameter of the fraction and a, n, m, 
p, q, s, are coefficients evaluated empirically. 

The phenomenon of landslides is included in the boundary conditions. In particular, two types of 
boundary conditions concerning landslides are considered (Bellos and Hrissanthou, 2003): 

§ When landslides occur in relatively flat tributaries, the sediment inflow into the main stream 
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depends on the granulometric composition of the landslides and the flow discharge of the 
tributaries. 

§ When the tributaries are steep, the landslides enter the main stream as debris flows and the 
further transport depends on the main stream discharge. 

5.3 Numerical scheme 

To achieve the solution of the system of equations, the numerical scheme, based on the Mac 
Cormack scheme, is used. This is an explicit, two-step, predictor-corrector scheme with an accuracy 
of second order. In the first step, approximate values of the unknown variables are obtained. These 
values are then used in the second step to determine the final values of the variables at the end of 
the time increment considered (Bellos and Hrissanthou, 2003).  

In order to smear the discontinuities caused from the transcritical flow conditions, cross section 
irregularities and bulk lateral input of water discharge, a diffusive term ω was added.  

As we will explain more analytically in the section of case study, the input variables of the 
SEMAL are the hydrograph discharge and the total volume of sediment introduced during the event 
considered. The fuzziness is involved in case of the HM factor, as fuzzy triangular number, and 
hence, the total volume of sediment introduced during the event considered is also a fuzzy 
triangular number. Based on the extension principle, the output for each event is the maximum 
water levels which appear as fuzzy numbers. Finally, an empirical probability analysis was 
followed. 

6. EMPIRICAL PROBABILITY DISTRIBUTION OF FUZZY DATA  

Let a sample with crisp numbers. The classical cumulative empirical probability distribution 
function for n precise data points is defined by Viertl (2011):  

( ) ( ] ( )
1

1 n

n i,x
i

F x I x
n

∧

−∞
=

= ∑  for all x R∈   (21.a)  

in which IA(g) is an indicator function which is defined as follows: 

I
Α
( x )=

1 for x ∈ A
0 for x ∉ A

⎧
⎨
⎩

   (21.b) 

According to Viertl (2011), in case that we have a fuzzy sample based on the α-cut a left-hand 
and a right-hand boundaries of the empirical function can be defined. 

Let α-cuts of the fuzzy samples x1
*,..., xn

*: 

( ) ( ]0 1a,i a ,ix , x a ,αΑ = ∀ ∈   (22) 

in which a,i a,ix , x  is the left and the right hand fuzzy bound of the fuzzy set A. 

Therefore, the corresponding α-level functions of the fuzzy valued cumulative empirical 
distribution function are given by: 

( ) ( ] ( )
1

1 n

,L ,i,x
i

F x I x
n

∧

α α−∞
=

= ∑   (23) 
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and 

( ) ( ] ( )
1

1 n

,R ,i,x
i

F x I x
n

∧

α α−∞
=

= ∑   (24) 

respectively. 
Alternatively, Viertl (2011) proposed a smoothed cumulative empirical distribution of fuzzy 

data. Τhe smoothed cumulative empirical distribution includes the membership functions of the 
fuzzy data, as well as the case of precise data. 

 

Figure 4. (a) The fuzzy sample,(b) the empirical cumulative probability distribution (ECPD) based on the 0-cut 
approach by using the upper and the lower values and (c) the smoothed empirical distribution. 

Let x1,..., xl
 be precise values of the sample and let x1+l

*,..., xn
* be the rest which are fuzzy data 

with membership functions µ1+l(·) ,..., µn(·). The smoothed empirical cumulative function is defined 
as: 
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given that 

( )i t dt
∞

−∞
µ <∞∫  

 
Both methods can be dealt with precise and fuzzy data. In case of the α-cut method, simply, if 

the data are precise, then the upper and the lower hand boundaries of the cumulative empirical 
distribution are identical. 

 In case of the smoothed empirical cumulative function the first term is the standard empirical 
cumulative function (that is, for crisp sets) and the second term expresses the fuzzy term.  

The α-cut based method and the smoothed empirical probability distributions are presented in 
Figure 4 for an arbitrary fuzzy sample. By comparing the smoothed empirical distribution and the 
α-cut based method for fuzzy and crisp data, in case of smoothed empirical distribution we are led 
to a continuous smoothed curve instead of the step-wise scheme of the left and the right hand 
bounds of the cumulative empirical distribution. Another interesting point of view is that, in case of 
crisp number as a member of the sample, both two fuzzy methods coincide to crisp cumulative 
empirical distribution. 

The smoothed empirical cumulative function is located between the 0-cut based cumulative 
empirical distributions in case that the sample consists of fuzzy numbers. This general comment, 
apart from the application, can be easily proved based on Eq. 25. That is, the smoothed empirical 
cumulative function is above the left hand side of the zero-cut and below the right hand side of the 
fuzzy valued empirical cumulative function. 

In our study, the fuzzy variables is the maximum water level and its sample is produced based on 
the extension principle via the SEMAL numerical simulation (Bellos and Hrissanthou, 2003). 
Obviously, a point for further research, is to develop a fuzzy version of the empirical cumulative 
probability distributions, e.g. by investigating the use of the (n+1) normalization factor. 

7. CASE STUDY 

The above developed methodology was applied to compute the risk of flooding in two locations 
of Mallero River (Valtelina-Northern Italy). Mallero River is 24 km long, starting at the elevation of 
1636 m (a.s.l.) from the confluence of Vazzeda and the Ventina Torrents, and ending at the 
elevation of 282 m on its confluence with Adda River (Fig. 5). The catchment of the river is 
characterized by steep hillslopes and is prone to frequent landslides. Actually, during an exceptional 
event in July 1987, an amount over 2x106 m3 of sediment was fallen into the river system (Di Silvio 
and Peviani, 1989). The proposed estimation of the distribution of the grain size of the bed material 
and average granulometric composition of the landslides is based on the prototype event of 1987. 
The sections which were considered, concern the city of Sondrio and the location Chiesa 
Valmalenco (Fig. 5). These locations have a particular economic interest and the risk assessment is 
indispensable for planning the future activities and investments (FRIMAR, 1997). 

7.1 Applying fuzzy regression to determine the hydro-meteorological factor 

A multiple fuzzy linear regression is followed in order to determine the relation between the HM 
factor and both the mean normalized storm volume (MNSV) and the normalized mean daily 
temperature (NDT). The data was taken from Sondrio basin for the years 1951-1987. Since we don't 
have many data, we use the conventional fuzzy regression analysis. Indeed, the conventional fuzzy 
regression model requires that all the data must be included in the produced fuzzy band. The data 
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was taken from FRIMAR (1997) and the result is as follows:  
 
H !M = 0.7024,0.1974( )MNSV + 0.1672,0.0349( )NDT −1.2459  (26) 

 
For example, when we write (0.7024, 0.1974) we mean that the central value is equal to 0.7024 

and the width is equal to 0.1974. 
An interesting point of view is that, by applying the model of fuzzy linear regression, we are led 

to a constant term without fuzziness. The central values of the above equation are close but not 
identical to the coefficients of the conventional linear regression equation which is reported in 
FRIMAR (1997). 

Based on the above relation we determine the fuzzy HM factor for the most significant events 
based on a 20 years' time series. The results are presented in Figure 6. 

 

Figure 5. Basin of the torrent Mallero. 

7.2 Applying the extension principle via SEMAL 

For the risk assessment, three types of data are needed: 
1. Geometrical data 
2. Geotechnical data 
3. Hydrological data 
 
A basic assumption is that the distribution of the grain size of bed material and average 

granulometric composition of the landslides is the same as in the prototype event of 1987. The 
hydrological data concern the flow hydrographs Q(t) in the confluence of tributaries (Di Silvio and 
Peviani, 1989). 
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The programme runs for the main stream. In order to exploit the HM factor, an hypothesis is 
made about the flow discharges and the total volume of sediment inflowing into the main stream. 
The main hypothesis is that the sediment volumes will be proportional to the corresponding volume 
of the prototype event and the HM factor (Eq. 28). The same hypothesis is made for the 
hydrographs (Eq. 27) as follows (Bellos, 1997): 

Q =Q0
hr
hr0

  (27) 

V =V0
HM
HM 0

 (28) 

in which  
Q = hydrograph for the event considered, 
Q0 = hydrograph for the known event 
hr = 2-daily rainfall of the event considered 
hr0 = 2-daily rainfall of the known event  
HM = hydro-meteorological factor of the event considered 
HM0 = hydro-meteorological factor of the known event 
V = total volume of sediment inflowing during the event considered 
V0 = total volume of sediment inflowing during the known event 

 

Figure 6. The hydro-meteorological factor for the available data (as fuzzy triangular numbers). 

For a series of twenty years, two extreme events with two days duration of the rainfall were used 
(FRIMAR, 1997). Thereafter, the HM factor is computed. The produced fuzzy H !M  factor (Eq. 26) 
(with the form of fuzzy triangular number) is used to determine the fuzzy total volume of sediment 
inflowing during the event considered (Eq. 28). The total volume of sediment introduced during the 
event considered (as fuzzy triangular number) and the hydrograph (as precise number) for the event 
considered are the inputs of the used SEMAL model. Based on the extension principle the output 
for each event are the maximum water levels which appear as fuzzy numbers. 

The key point is how we can handle the fuzziness of the total volume of sediment introduced. As 
mentioned before, we face the triangular numbers as discrete fuzzy numbers, that is, we use only 
some α-cuts (0, 0.25, 0.5, 0.75, 1) to simplify the process. Obviously, a more precise partition 
should be used.  

We run individually the SEMAL programme for all the discrete values of the corresponding α-
cuts (inputs) and thus, the inputs are the discrete value of the total volume of sediment introduced 
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and the hydrograph. For each simulation, the maximum water levels are the output. However, this 
output, even if it is a precise number, it corresponds to a α-level according to which the examined 
total volume of sediment was calculated. 

Finally, as mentioned before, based on the extension principle, the α-cuts of the output 
(maximum water level) are produced. More analytically, the left hand side and the right hand side 
for each α-cut of the maximum water level, will be the maximum and the minimum of the 
individual simulation of all the nested values of the corresponding α-cuts. Obviously, the larger the 
division of α-cut, the larger the accuracy becomes, since we use only discrete values instead of all 
the α-cut intervals. 

The fuzzy outputs, that is, the max water levels, based on the SEMAL simulation are presented 
next, in case of Sondrio. An interesting point of view is that the fuzziness of the output is reduced 
(since smaller widths are produced for the maximum hydraulic depths, compared with the initial 
widths of the !HM ) and furthermore, the membership functions of the outputs have lost their linearity 
(Fig. 7). As a reference event, the most significant event of the year 1987 is used. 

The highest value of water level is selected for each year based on the above simulation process 
and consequently an empirical distribution estimation is concluded. However, due to the fact that 
we have not enough data and since the comparison of fuzzy numbers is an ill-defined problem, we 
use two maximum values for each year. 

7.3 Determining the empirical distribution of the maximum water level 

Finally, as mentioned in Section 6, there are two methods for the determination of the empirical 
distribution in case of fuzzy data. In fact, the first method employs the conventional empirical 
probability distribution for the left-hand and the right - hand boundary for a selected α-cut. In case 
of Chiesa basin, we are led to high uncertainty compared with the Sondrio basin. Figures 8a and 8b 
express the empirical distributions of the maximum water levels by means of α-cuts. An interesting 
perspective is that for each α-cut we have two sub-empirical distributions, one for the left and one 
considering the right-hand boundary, correspondingly and hence, the conventional stepwise picture 
for each sub-empirical probability distribution is remained.  

 

 

 

Figure 7. Fuzzy description of the maximum water level based on the SEMAL and the extension principle in case of 
Sondrio. 
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 Figure 8. Cumulative empirical distribution for the estimated fuzzy maximum water levels based on the stepwise 
distribution of the a-cuts and by using the smoothed empirical distribution in case of (a) Chiesa and (b) Sondrio basins. 

Alternatively, we examine the use of the smoothed empirical distribution for fuzzy data. 
Similarly with the defuzzification procedure, the smoothed empirical distribution exploits the 
membership functions of the fuzzy data. A critical point of view is that, for each value of the 
maximum water level, instead of several α-cuts, only one value of cumulative probability 
corresponds to it. The smoothed empirical distribution in both cases, is presented with green color. 
Thus, as it can be seen from the corresponding Equation (25), instead of a stepwise curve, we are 
led to a continuous smoothed curve (Fig. 8a, 8b). As it can be seen from Figures 8a and 8b, it is 
evident, that the smoothed empirical distribution is located between the two sub-empirical 
distributions which correspond to the lower and the upper boundary of the zero-cut. Since only 
fuzzy data are dealt (considering the highest value of water level), the smoothed empirical 
distribution, in both cases, has not a part with vertical rise. The calculation of the smoothed 
empirical distribution is made approximately by writing a Matlab code, where the integration is 
calculated by using a numerical integration with respect to a high partitioning. 

A challenge for further research is to establish a fuzzy extension of Eq. 17, that is, for the active 
layer. However, in this case, the fuzziness will appear in the parameters of the differential equations 
and not as input as in the examined case. Therefore, new suitable mathematical tools must be 
implemented in this case. 
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8. CONCLUDING REMARKS 

The aim of this research work is to assess flooding risk in a mountain river section, i.e. the 
determination of a relationship between water level peaks and the corresponding probability of non 
exceedance for a location of interest. This computation takes into account the bed aggradation or 
erosion of sediment during the flood and the interval between floods. Based on the conventional 
approach of Bellos et al. (1995) and Bellos (1997), the purpose of this article is to expand the 
methodology by including the uncertainty by means of fuzzy sets and logic.  

The parameter in order to simplify the analysis, is the HM factor. The HM factor is used in order 
to describe the influence of the landslides. It seems that for the examined area, the HM factor is 
dependent only on the mean normalized storm volume (MNSV) and the normalized mean daily 
temperature (NDT). Instead of the previous approaches, we apply a fuzzy linear regression model to 
assess the HM factor with respect to the above variables. The central values of the coefficients of 
the achieved fuzzy equation are close to the coefficients of the conventional linear regression 
equation. 

Subsequently, based on the achieved fuzzy HM factor, we determine the maximum water level 
(output) based on the SEMAL and the extension principle of the fuzzy sets and logic. An interesting 
point of view is that the fuzziness of the output, that is, the maximum water level as it is calculated 
from the arithmetic scheme, is reduced and furthermore, the membership functions of the outputs 
have lost their linearity.  

Finally, based on the produced fuzzy maximum water levels, two methods for the determination 
of the empirical probability distribution are applied. The outcomes are mutually compatible. The 
first method gives the conventional sub-empirical distribution one for each boundary of the 
examined α-cut. Alternatively, based on the smoothed empirical distribution for fuzzy data, we are 
led to a continuous smoothed curve without the need of multiple α-cuts whilst this curve is located 
between the sub-empirical distributions one for each boundary of the examined 0-cut.  

The method was successfully applied in the case of Sondrio basin with twenty years sets of data. 
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