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Abstract:  Deltas occur where a river enters an ocean, sea, estuary, reservoir or rarely another river that cannot transport away 
the supplied sediment. Depending on the tidal situation water can flow from the main river into the local river network 
or vice versa. Water conservancy projects (WCP), such as pumping stations, sluices, and barriers, are constructed for 
various purposes. Not only do they protect a water system from floods and sea incursions, but they also support in 
efficient water utilization and management of the water system. However, water conservancy projects also change the 
natural water situation. For example, the flow direction is no longer determined by the natural terrain; instead, it is 
determined by the difference in state of the water heads between the WCP, e.g., sluice gates. A water system 
influenced by such a discrete state control has evolved into a complex hybrid water system. The modelling of such a 
system is necessary in practice to make informed decision through predictive control. This paper models a complex 
hybrid water system based on approaches from the field of cybernetic technology, namely Mixed Logic Dynamic 
Model (MLD), and introduces the concept of “virtual tanks” for solving the bi-directional flow problem of a hybrid 
water system. It also integrates a conceptual water quality model simplified with concentrated parameters, because 
water quality is also very important in deltas. The system is used to design a Model Predictive Controller (MPC) for 
short-term and long-term optimization of the water system of the Yangtze Delta. 
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1. INTRODUCTION 

Artificial water conservancy projects, such as pumping stations, sluices, and barriers are usually 
used to control water in a plain river network area. They change the natural hydrologic dynamic 
flow and form a hybrid water system. This hybrid water system is a special form of a “hybrid 
system”, a term that originates from the fields of cybernetic theory and computer science. Such a 
system does not only consist of continuous states, but also discrete states caused by the WCPs. For 
example, changing the state of a sluice, which is taken as a discrete event, will cause a change in the 
water flow situation. Therefore, for a better management of water resources scheduling, the 
dynamic change of continuous variables should not be the only feature considered, but also the 
discrete events caused by the opening and closing of WCP, e.g., sluices/gates. In Figure 1, such a 
typical hybrid water system is shown. 

 

Figure 1. A typical hybrid water system 
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A hybrid water system has the following characteristics: 
§ It is a dynamical system that consists of both continuous and discrete dynamic behaviors 
§ The evolution of the system is described by the time and the event that occurs 
§ The evolution of the system is dependent on if-then-else rules 
§ Discrete events occur in discrete moments and can be sequential, selective, and concurrent 
§ The control of the system is an integrated control of the continuous and discrete states. 
 
In order to solve such complex hybrid water systems, three concepts are developed and 

implemented in this work: 
1. The concept of “virtual tanks” which can solve the modeling process for changes of 

dynamic flow in hybrid water systems, based on state changes, e.g. sluice gate open or 
closed is introduced. With this innovative concept, the model can describe the continuous 
state evolution while considering discrete logic events. Not only does the model provide a 
visual simulation, which makes it easy for decision makers to understand the water situation, 
but the model also provides a basis for optimal scheduling. 

2. A hybrid water system changes the evolution of the water flow situation and the way that 
substances are transported in the water. Therefore, a coupled model of water quality and 
quantity for such a complex hybrid water system is also introduced. Based on the “virtual 
tanks” concept, a simplified water quality model is first developed, and then is integrated 
with the water quantity simulation model. 

3. Finally, the Model Predictive Control (MPC) Method based on Mixed Logical Dynamic 
(MLD) is applied to solve the optimization scheduling in short and mid-term periods. The 
system can calculate and deliver suggestions for control strategies in time, based on the 
weather forecast and scenario definition. The goal is to manage the discrete logic events in a 
certain time period, so that the water evolution is desirable to get the disaster under control. 

 
Some of the results presented in this research work have already been implemented in the dense 

river network area of Yangzi delta in Jiangyin (987.5 km2), Jiangsu Province, PR China. The 
important goals in this area are flood control and energy-efficient operation. In this paper, we first 
describe one scenario with short-term regional hydrological changes, i.e. heavy precipitation in a 
short timeframe. Afterwards, we model the hybrid water system to forecast the water situation. 
According to the limiting conditions of engineering projects (e.g. dams, gates, sluices, and barriers), 
and following the optimization objectives for scheduling, we then determine management strategies 
with the MPC-MLD approach. 

2. METHODOLOGY 

2.1 Modelling 

2.1.1 Modelling of a hybrid water system 

In Figure 1, an entire river system is presented. It is obvious that only the main river in the North 
is flowing relatively natural, since other rivers have densely constructed sluice gates. Due to the 
opening and closing of these sluice gates, variables such as the water level, the river flow, and the 
direction of flow, are changed frequently. This paper introduces the innovative concept of virtual 
tanks in order to simulate the actual interactions of those hydrological dynamic variables, i.e. the 
interactions of the river flow and the discrete state variables, caused by the opening and closing of 
sluice gates and pump stations. The model region is first divided into different partitions or named 
sub-regions in considering the catchment area, the administrative area, and the river channel 
characteristics. Each sub-region is then regarded as a distributed catchment area and modelled as a 
virtual tank. Two neighboring virtual tanks are connected by a main channel in between. Figure 2 
presents this transformation from a hybrid water system to a virtual tanks system. 
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Figure 2. Transformation into virtual tanks system 

In a virtual tank system, all tanks are modelled and their behaviours are analysed. This model 
can express the impact caused by rainfall and runoff on each model area. Thus, it has a profound 
significance for flood control in the whole region. A hybrid water system can also be modelled 
based on the concept of the virtual tank. Take Figure 2 for example: This water system consists of 3 
sluices and 5 virtual tanks, which are connected by main channels in between. Ai and Aj are defined 
as neighboring virtual tanks; x! and x! express the water level of two virtual tanks i and j; and 
q!" x! k , x! k  represents the flow between two neighboring virtual tanks. In addition, necessary 
inflows to the virtual tanks are also considered. The state of each tank is represented by the water 
level. According to the mass balance principle, the change of the water level in the discretized time 
step k+1 is described as follows: 

Virtual Tank A1:  

X! k + 1 = !"
!!"

q!"_! k + q!"_! k + q!"_! k − q!" X! k , X! k + X! k               (1) 

Virtual Tank A2: 

X! k + 1 = !"
!!"

−q!"_! X! k , Yz_L! k , u! k + q!"_! k + q!"_! k + q!" X! k , X! k −

 q!" X! k , X! k + X! k  (2) 

Virtual Tanks A3 to A5 are expressed in the same way: 
- k is the discrete time step 
- Ts is the sample time; 
- 𝐴!" (i=1,2,…,5) is the surface area of the water in each tank; 
- 𝑋! 𝑘  (i=1,2,…,5) is the water level of each corresponding virtual tank at time step k; 
- 𝑞!"_! 𝑘  (i=1,2,3,4,5) is the disturbance inflow due to precipitation and transpiration; 
- 𝑞!!_! 𝑘 ,  𝑞!!_! 𝑘 , 𝑞!!_! 𝑘 , and 𝑞!!_! 𝑘  are inflows from the external river’s water supply; 
- 𝑞!!_! 𝑘 , 𝑞!_! 𝑘  are disturbance inflows from the boundaries; 
- 𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘 , 𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘 , and 

𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘  are flows between the main river in the North and the local 
channels, which are controlled by the sluices; 

- 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , 
𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘 , and 𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘  are flows between two 

connected tanks, which are equivalent to  𝑞!" 𝑋! 𝑘 ,𝑋! 𝑘  in the Chézy formula (van Ekeren, 
2010), and can be expressed as: 

A2

A1

A3

A4

A5

q12

qw1_d

qb1_d

qc1_d

q_yz_2

qw2_d

qc2_d q23

q14

q_yz_3

q43

qc3_d

q_yz_5

qc5_d

q45

qw5_d

q35

q5_b
q56

qc4_d

qw3_d



26 H. Mu et al. 

𝑞!" 𝑥! 𝑘 , 𝑥! 𝑘 = 𝑓!!!!" 𝑥! 𝑘 , 𝑥! 𝑘           

𝑓!!!!" 𝑥! 𝑘 , 𝑥! 𝑘 = 𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘 𝐶!"𝑆𝑖𝑔𝑛 𝑥! − 𝑥! ×
!!" !! ! ,!! ! !!!!!

!!"
       (3) 

- x! and x! are the water levels of two virtual tanks i and j; 

- A!,!" x! k , x! k  is the minimum section area of flow q!" x! k , x! k ; 

- C!" is the roughness coefficient; 

- R!" x! k , x! k  is the hydraulic radius of flow q!" x! k , x! k ; 

- l!" is the length of the connection between i and j. 
- Sign x! − x!  expresses the flow direction. The model calculates this in each time interval 

which is the key point for solving the bi-directional flow. When the calculated value is positive, 
the current flow has the same direction as initially; when it is negative, the flow is in the 
opposite direction. 

- The section area variable 𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘   and the hydraulic radius 𝑅!" 𝑥! 𝑘 , 𝑥! 𝑘   are 
functions of the water level. Their values are infected according to the change in water level 
between the two tanks in each time step. The section area variable ℎ!"#$ is approximated with 
the average value of 𝑥! , 𝑥!. Under this kind of approximation, the area of the cross section and 
the hydraulic radius are only related to the channel parameters (b is the width of the channel and 
m is the slope): 

𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘 = 𝑏 +𝑚×ℎ!"#$ ×ℎ!"#$ 

The wetted perimeter calculation formula is: 

𝑃!,!" 𝑥! 𝑘 , 𝑥! 𝑘 = 𝑏 + 2×ℎ!"#$ 1+𝑚! 

The following hydraulic radius can be calculated as: 

𝑅!" 𝑥! 𝑘 , 𝑥! 𝑘 =
𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘

𝑃!,!" 𝑥! 𝑘 , 𝑥! 𝑘
=

𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘

𝑏 + 2×ℎ!"#$ 1+𝑚!
 

- The flows 𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘 , 𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘 , and 
𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 ,𝑢! 𝑘   are  described by the Chézy formula, the difference here is that 
a key variable 𝑢! 𝑘  is added, which represents the state of the corresponding sluices. 
 
The formula can then be rewritten as: 

𝑞!"_! 𝑋! 𝑘 ,𝑌𝑧_𝐿! 𝑘 , 𝑢! 𝑘 = 𝑢! 𝑘  𝑓!!!!" 𝑥! 𝑘 ,𝑌𝑧_𝐿! 𝑘                   (4) 

where	𝑌𝑧_𝐿! 𝑘  is the water level of the North river (see Figure 2), and the state of the sluice is 
given by	

𝑢! 𝑘 = {!       !"!!"#$%!
!       !" !!! !"#$%& !"#$%& !" !"#$ !"#$ !                                         (5)                                                                                                            
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All the variables have now been defined. With the time series of the input data (disturbance 
inflows) and static state data, we can calculate the water level output under the conditions of the 
initial data. The virtual tank model parameters（𝐴!,!" 𝑥! 𝑘 , 𝑥! 𝑘 , 𝑙!"） can then be inferred 
backwards by comparing the actual levels of output data. 

2.1.2 Simplified water quality model 

The self-purification ability of pollutants in a hybrid water system is impacted by human 
engineering projects that change the natural water flow. A more optimized control of water 
conservancy projects can improve the system’s water flow and flow velocity. With these 
optimizations, better self-purification and transportation requirements can be met. Other 
requirements include flood protection and energy saving. In order to optimize these, the proper 
coupling of water quantity and water quality is very important in the model. More importantly, both 
the simulation model and the optimization model must be rapidly computable for the short and 
medium-term control objectives. Based on these factors, the water quality model design is 
combined with the virtual tank concept introduced in the last Chapter. The model approach uses a 
simplified, integrated water quality model for lakes and reservoirs, also known as a R.A. 
Vollenmeider model [7]. Figure 3 shows a virtual tank structure based on substance concentration 
evolution. 

 

Figure 3. A virtual tank structure based on substance concentration evolution 

The basic expression of a R.A. Vollenmeider model is 

𝑉 !"
!"
= 𝑄!"𝐶!" − 𝑄!"#𝐶 − 𝐾𝐶𝑉   (6) 

where 
§ V is the volume of virtual tank at time t [m3] 
§ C is the concentration of pollutants at time t [g/m3] 
§ Qin represents the inflow [m3/s] 
§ Qout represents the outflow [m3/s] 
§ X is the water level of virtual tank at time t [m] 
§ A is the surface area [m2] 

𝑉(𝑡) = 𝐴𝑋(𝑡) 

Assume：𝑡 = 0, 𝐶 = 𝐶!, then 

𝑟 = 𝑄!"#
𝑉   (7) 

𝐼! = 𝑄!"𝐶!"                 (8) 

!"
!"
= !!

!
− 𝑟𝐶 − 𝐾𝐶                                                (9) 
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k is a constant of the decay rate. This formula is a typical R.A. Vollenmeider model and the 
analytic solution of its continuous function is: 

𝐶 = !!
!(!!!)

+ ! !!! !!!!!
!(!!!)

𝑒[! !!! !]  (10) 

In order to make the calculation of water quality fast and convenient, it is necessary to convert 
the analytic solution of this continuous equation into a discrete equation method. In this case, the 
discrete equation method is Euler’s, and the calculation step takes the time step from the discrete 
water level calculation, described in Chapter 2.1.1. The formula for the discrete Euler method 
expression [8] is: 

!"
!"
= 𝑓(𝑡,𝐶), 𝐶 𝑡! = 𝐶! 

𝐶 𝑡!!! − 𝐶 𝑡! = 𝑓 𝑡,𝐶 𝑑𝑡!!!!
!!

                                    (11) 

𝑓 𝑡,𝐶 𝑑𝑡!!!!
!!

= 𝑇𝑓(𝑡! ,𝐶 𝑡! )                                            (12) 

with T as integral step length and based on expressions (7) to (10), formula (8) can be written as: 

𝐶 𝑡!!! − 𝐶 𝑡! = 𝑇 !! !!
! !!

− !!"#(!!)
! !!

𝐶 𝑡! − 𝐾𝐶 𝑡!   (13) 

𝐶 𝑡!!! = !!!(!!)
!(!!)

− 1 − 𝑇 !!"# !!
! !!

− 𝑇𝐾 𝐶 𝑡!  (14) 

Because the focus of this work is to study a hybrid water system, formula (4) shows, that the 
flow between two neighboring virtual tanks can be possible in both directions. At time i，𝑄!" 𝑡!  
and 𝑄!"#(𝑡!) do not necessarily represent the real inflow and outflow. In a bi-directional model, 
𝑄!"(𝑡!) may also represent the outflow and 𝑄!"#(𝑡!) the inflow. Therefore, we must modify the real 
inflow expression as follows: 

𝑄!" 𝑡! = 𝑄!"!(𝑡!)𝛼!(𝑡!)
!
!!! − 𝑄!"#!

!
!!! (𝑡!)𝛽!(𝑡!)   (15) 

𝛼!(𝑡!) =
1  𝑄!"!(𝑡!) ≥ 0
0  𝑄!"!(𝑡!) < 0     (16) 

𝛽!(𝑡!) =
1   𝑄!"#!(𝑡!) < 0
0  𝑄!"#!(𝑡!) ≥ 0   (17) 

The real outflow is then given as the following term: 

𝑄!"# 𝑡! = 𝑄!"#!
!
!!! 𝑡! (1 − 𝛽!(𝑡!)) − 𝑄!"!(𝑡!)(1 − 𝛼!(𝑡!))

!
!!!            (18)                                                

The boundary conditions in an integrated water quality model do not only consider the inflow 
and outflow, but also the substance concentration. For example use a hybrid system like the one 
shown in Figure 3 with five virtual tanks. Then, the state of each tank for the water quality model is 
represented by the substance concentration. According to the mass balance principle, the substance 
concentration in the discretized time step k+1 can be described as follows: 
 
Virtual Tank A1: 

Using expressions (15) to (17), 𝑄!!" 𝑘  of virtual tank 1 can be formulated. In the expression, 
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the terms 𝑞!!! 𝑘 , 𝑞!!! 𝑘 , and 𝑞!"!! 𝑘  represent the known input data with a discrete time series 
and a fixed flow direction. The flow between two adjacent virtual tanks has an uncertain direction 
and thus it must be calculated from the form (3):  

𝑄!!" 𝑘 = 𝑞!!! 𝑘 + 𝑞!!! 𝑘 + 𝑞!"!! 𝑘 − 𝑞!" 𝑘 𝛽!" 𝑘 − 𝑞!" 𝑘 𝛽!" 𝑘  

From expressions (16) to (18), 𝑄!!"# 𝑘  can be determined: 

𝑄!!"# 𝑘 = 𝑞!" 𝑘 1 − 𝛽!" 𝑘 + 𝑞!" 𝑘 (1 − 𝛽!" 𝑘 ) 

Now, from expression (6), 𝐼!!(𝑘) of tank 1 can be calculated, 

𝐼!!(𝑘) = 𝑞!!! 𝑘 𝐶!!!(𝑘) + 𝑞!!! 𝑘 𝐶!!!(𝑘) + 𝑞!"!! 𝑘 𝐶!"!!(𝑘) − 𝑞!" 𝑘 𝛽!" 𝑘 𝐶! 𝑘
− 𝑞!" 𝑘 𝛽!" 𝑘 𝐶! 𝑘  

According to form (13), the state of substance concentration in the discrete time step k+1 can be 
figured out ultimately: 

𝐶! 𝑘 + 1 − 𝐶! 𝑘 = 𝑇
𝐼!! 𝑘
𝑉! 𝑘

−
𝑄!!"# 𝑘
𝑉! 𝑘

𝐶! 𝑘 − 𝐾𝐶! 𝑘  

𝐶! 𝑘 + 1 = 𝑇
!!!! ! !!!!(!)!!!!! ! !!!!(!)!!!"!! ! !!"!!(!)

!! !
+ 1 − !!!"# !

!! !
𝑇 − 𝐾𝑇 𝐶! 𝑘 −

!!" ! !!" !
!! !

𝑇𝐶! 𝑘 − !!" ! !!" !
!! !

𝑇𝐶! 𝑘                 (19) 

 
Virtual Tank A2: 

To describe virtual tank 2, a similar method to A1 is used. The only difference is, that this tank 
integrates a gate. According to forms (5) and (6), the flow on a gate can be either null, if it is closed, 
or can be in both directions if it is opened. 

𝑄!!" 𝑘 = 𝑞!"(𝑘)𝛼!"(𝑘) + 𝑞!!_!(𝑘) + 𝑞!!_!(𝑘) − 𝑞!!!(𝑘)𝑢! 𝑘 𝛽!"!(𝑘) − 𝑞!"(𝑘)𝛽!"(𝑘) 

𝑄!!"# 𝑘 = 𝑞!!! 𝑘 𝑢! 𝑘 (1 − 𝛽!"! 𝑘 ) + 𝑞!" 𝑘 (1 − 𝛽!" 𝑘 ) − 𝑞!" 𝑘 (1 − 𝛼!"( 𝑘 ) 

𝐼!!(𝑘) = 𝑞!"(𝑘)𝛼!"(𝑘)𝐶! 𝑘 + 𝑞!!_!(𝑘)𝐶!!! 𝑘 + 𝑞!!_!(𝑘)𝐶!!! 𝑘 − 𝑞!"(𝑘)𝛽!"(𝑘)𝐶! 𝑘
− 𝑞!!!(𝑘)𝑢! 𝑘 𝛽!"!(𝑘)𝐶!"! 𝑘  

𝐶! 𝑘 + 1 − 𝐶! 𝑘 = 𝑇
𝐼!! 𝑘
𝑉! 𝑘

−
𝑄!!"# 𝑘
𝑉! 𝑘

𝐶! 𝑘 − 𝐾𝐶! 𝑘  

𝐶! 𝑘 + 1 = 𝑇
!!!! ! !!!!(!)!!!!! ! !!!!(!)

!! !
+ 1 + !!" ! !!" !

!! !
𝑇 − !!"# !

!! !
𝑇 − 𝐾𝑇 𝐶! 𝑘 −

!!!! ! !! ! !!"! !
!! !

𝑇𝐶!"! 𝑘 − !!"(!)!!"(!)
!! !

𝑇𝐶! 𝑘            (20) 

2.2 Optimization using MPC based on MLD 

MPC (Model Predictive Control) originates from the process industry, but nowadays MPC is 
used in many different fields. In water resources management, especially for dealing with water 
hybrid systems, MPC is quite new. MPC as a technology of Advanced Process Control (APC) is 
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based on a prediction model. Several models could be selected for the hybrid system, for example 
Hybrid Automata, Petri Nets, Piece Wise Affine, or MLD (mixed logical dynamical). Because the 
virtual tank model can be easily extended to the MLD model, we select the MLD model. (Zhang, 
2007) 

An MLD system has these well-known expressions: 

𝑿 𝑘 + 1 = 𝑨(𝑘)𝑿 𝑘 + 𝑩!(𝑘)𝑼 𝑘 + 𝑩!(𝑘)𝜹 𝑘 + 𝑩!(𝑘)𝒁 𝑘 + 𝑩!(𝑘)𝑫 𝑘   (21) 

𝒀 𝑘 = 𝑪(𝑘)𝑿 𝑘 + 𝑫!(𝑘)𝑼 𝑘 + 𝑫!(𝑘)𝜹 𝑘 + 𝑫!(𝑘)𝒁 𝑘 + 𝑫!(𝑘)𝑫 𝑘  (22) 

𝑬!(𝑘)𝑿 𝑘 + 𝑬!(𝑘)𝑼 𝑘 + 𝑬!(𝑘)𝜹 𝑘 + 𝑬!(𝑘)𝒁 𝑘 + 𝑬!(𝑘)𝑫 𝑘 ≤ 𝑮 (23) 

The expressions show an MLD system which is defined as a linear relation consisting of 
continuous variables and binary variables, where: 

§ X is the state of the system; 
§ Y is the output variable of the system with the same structure as X; 
§ U is defined as the input vector and control variable of the system, also similar to X; 
§ δ is the logical statement of the system： ; 
§ Z is the auxiliary continuous statement: , ; 
§ D represents disturbance variables. 

 
Since the  equation is nonlinear, inequality constraints have to be defined (van Ekeren, 

2010): 

                 (24)                                                                                                                                              

                          (25)                                                                                                                                       

         (26)                                                                                                                                  

               (27)                                                                                                                             

In the case study, when the multi-objective optimization focuses on control strategies for 
flooding protection and being energy efficient, the following parameters are defined: 

§ X is the state of the water level, 
§ U is the flow rate of the pumping station, 
§ M is the maximum possible value for the virtual tank, 
§ m is the minimum possible value for the virtual tank. 
 
Relations (1) and (2) are multiple expressions, and the part of the nonlinear flow functions are 

piecewise smooth. In practice, it is impossible to get an analytic solution, which requires the use of 
multiple linear regression algorithms. Therefore, linearization operations have to be conducted. For 
example, the term q!" X! k ,X! k  after linear regression can be written as a!"X! k + b!"X! k , 
where a!" and b!" as regression coefficients can be obtained by the unconstrained nonlinear 
multivariable optimization method. In this work, we used the fminunc function in Matlab to obtain 
the coefficients. The approximated linear functions used for MLD are: 

𝑋! 𝑘 + 1 = !"
!!!

𝑞!!_! 𝑘 + 𝑞!!_! 𝑘 + 𝑞!!_! 𝑘 − 𝑎!"𝑋! 𝑘 − 𝑏!"𝑋! 𝑘 + 𝑋! 𝑘   (28) 

}{ lr1,0∈δ
)(*)()( kkxkz δ= crkz ℜ∈)(

)(kz

)()( kMkz δ≤

)()( kmkz δ≥

[ ])(1)()( kmkxkz δ−−≤

[ ])(1)()( kMkxkz δ−−≥
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𝑋! 𝑘 + 1 =
!"
!!!

−𝑎!!!𝑧! 𝑘 − 𝑏!"_!𝑌𝑧_𝐿! 𝑘 𝛿! 𝑘 + 𝑞!!_! 𝑘 + 𝑞!!_! 𝑘 + 𝑎!"𝑋! 𝑘 + 𝑏!"𝑋! 𝑘 − 𝑎!"𝑋! 𝑘 −

𝑏!"𝑋! 𝑘 + 𝑋! k     (29) 

If the multi-objective optimization is to concentrate on water quality control, then the strategy is 
to find an optimal operating plan for artificial water conservancy projects. The goal is to move the 
water in local rivers or channels faster, so that the self-purification ability can be improved. Then, 
as mentioned in expression (21), the state of the system X is the state of the substance concentration 
of the virtual tank C(k) and U is the substance concentration from the water through the pumping 
station. M is defined as the maximum allowed concentration value, and m is the drinking water 
quality value. According to expressions (19) and (20), the form (21) can be presented in practice. 

For flooding optimization, there are two kinds of objectives to be defined, specifically 𝐽! 𝑥! 𝑘  
and J! δ! k . The former is the objective function for the water level of each virtual tank and the 
water level has to keep within a certain safety range: 

§ 𝑟!! is the unsafe level, 
§ r!" is the dangerous level, which can cause flood disasters, 
§ λ!", λ!", λ!" are cost factors, 
§ e!"#,!" k  and e!"#,!" k  are exceedances of reference water level r!" and r!" respectively, 
§ e!" k  is a binary auxiliary variable, which shows whether or not the water level has been 

exceeded. 

𝐽 𝑘 = 𝐽! 𝑥! 𝑘 +  𝐽! 𝑥! 𝑘 +  𝐽! 𝑥! 𝑘 +  𝐽! 𝑥! 𝑘 +  𝐽! 𝑥! 𝑘              (30) 

𝐽! 𝑥! 𝑘 =  𝜆!!𝑒!"#,!! 𝑘 +  𝜆!!𝑒!"#,!! 𝑘 + 𝜆!!𝑒!! 𝑘   (i=1,2,3,4,5)               (31)         

𝑒!"#,!! 𝑘 = max max 𝑥! 𝑘 −  𝑟!! , 0                                  (32)                                                              

𝑒!"#,!! 𝑘 = max max 𝑥! 𝑘 −  𝑟!! , 0                                 (33)                                                               

𝑒!! 𝑘 =  
1 𝑖𝑓 𝑒!"#,!! 𝑘  >  𝑟!!
0 𝑖𝑓 𝑒!"#,!! 𝑘  ≤  𝑟!!

                                   (34)                                                                       

For quality optimization, the objectives and constraints are defined in same way. The only 
difference is that the value changes from the water level to the water substance concentration. The 
minimization of this cost function is reformulated into the following equivalent form: 

min 𝐽! 𝑥! 𝑘 = min ( 𝜆!!𝑒!"#,!! 𝑘 +  𝜆!!𝑒!"#,!! 𝑘 + 𝜆!!𝛿!! 𝑘  )   (35)                                                                         

J! δ! k  represents the objective function for sluices. The first term denotes the cost of closing 
a sluice, the second term stands for the cost of changing the state.  

𝐽! 𝛿! 𝑘 =  𝜆!! 1 −  𝛿! 𝑘 + 𝑗 − 1 + !
!!! 𝜆!! 𝛿! 𝑘 + 𝑗 − 1 −  𝛿! 𝑘 + 𝑗 − 2  !

!!!  (36) 

 
The minimization of the first part is rewritten as follows: 

min 𝜆!" 1 −  𝛿!(𝑘 + 𝑗 − 1) = min − 𝜆!" 𝛿!(𝑘 + 𝑗 − 1)!
!!!  !

!!!            (37) 

The minimization of the second part is: 
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min 𝜆!" 𝛿! 𝑘 + 𝑗 − 1 −  𝛿!(𝑘 + 𝑗 − 2) = min 𝜆!"  𝑝!!
!!!

!
!!!   (38) 

where λ is a weighting factor and p! are continuous auxiliary variables. Considering the objective 
functions and constraints, the optimization problem can be solved by the MILP (linear 
programming mixed-integer) method: 

min 𝐜!𝞱   (39) 

𝑮𝞱 ≤ 𝐡   (40) 

where C is a matrix of the weight coefficients and θ is the matrix of the optimal target factors. 

3. CASE STUDY 

The area of this case study is located in the Yangtze river delta in the Middle East of China. This 
area has a flat terrain, with a dense river network, and each river, i.e. channel, has more than one 
constructed water conservancy project. North of the area is the Yangtze river. The water level of the 
Yangtze is affected by both upstream runoffs and the downstream tide. For these reasons, not only 
dams were built along the river for flood protection, but also a set of gates was constructed in the 
crossings between local rivers and the Yangtze. These gates help in the management of navigation, 
in controlling the water level, and in exchanging the water between these rivers. In some special 
locations, two-way water pump stations were constructed for flood and drought control. Within the 
local river network, different kinds of sluices were constructed for an easier management of the 
water use. Because of these artificial structures, the natural water system has evolved into a 
complex hybrid water system. In this case study, the model region is divided into 19 virtual tanks. It 
contains six Yangtze river gates, eight river control sluices, and one pumping station consisting of 
five (20m3/s, two-way) pumps. For the practical implementation, the optimization of flooding 
protection is tested and analyzed below. 

3.1 Scenario description 

Figure 4 shows the rainfall forecast from 9am on August 10th, 2016, to 3pm on August 13th, 
2016. A lot of rain is to be expected in these next three days. Of note is the forecast of heavy 
rainfall with 210mm on August 10th. 

 

Figure 4. Precipitation forecast 

The control goals are shown in Table 1. 
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Table 1. Control goals 

Submodel Risk water level Flood water level 
Virtual Tank 03 3,4 m 4,0 m 
Virtual Tank 04 3,3 m 4,2 m 
Virtual Tank 05 3,4 m 4,1 m 

 
The entire system was compiled and executed in MATLAB. The simulation model shows how 

the water level changed throughout the control from experience, as seen in the dotted line shown in 
Figure 5. We can clearly determine that after one day of heavy rainfall the resulting water level can 
cause a flood and thus the operation plan is no longer suitable. It has to be optimized.  

 

Figure 5. Water level on A03 with empirical operation and optimization  

The solid line in Figure 5 shows the new operation plan for Gate (YZ-03) using the optimization 
model. There are two significant findings in this Figure: On one hand, it is very clear that the water 
situation using the optimization control is much better than from expert experience, since the risk of 
flood would be delayed by about 8 hours. In this time, additional countermeasures and actions 
against the coming flood can be taken. On the other hand, the optimization is calculated within a 
defined time period and in this time, the water level could have also reached the risk level of flood. 
Therefore, the optimization process should be renewed with the actual water situation, so that the 
modified optimized control plan would be suggested.  

 

 

Figure 6. Gate (YZ-03) operation plan via empirical operation and optimization  

4. CONCLUSIONS 

In this study, the model of a hybrid water system based on a “Virtual Tank” concept is 
established. The theory of the solution for the bi-directional flow problem in hybrid water systems 
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is discussed. A water resources scheduling optimization system for hybrid water systems was 
developed based on the MPC-MLD optimization method. While this method is a well-known 
approach from the area of cybernetics, it is a very fresh application for hybrid water systems. It can 
support the target of flood control, as well as drought or environmental diversions in complex river 
networks in short-term periods. This paper provides a new method to solve the optimization 
scheduling problem. In future research, the optimization of water quality control will be tested and 
improved in practice. The special water policy of water resources protection will be implemented in 
the MPC-MLD method. This optimization will be made more efficient and fit for the practical 
applications. 
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