
Water Utility Journal 23: 11-26, 2019.  
© 2019 E.W. Publications 

Curved-streamline open-channel flows in throatless flow-measuring flumes 

Y.T. Zerihun 
David & James - Engineering and Environmental Consultancy, 204 Albion Road, Victoria 3350, Australia  
e-mail: zyebegaeshet@gmail.com 

Abstract:  For simplicity and high computational efficiency, a shallow-water approach is often used in the analysis of open-
channel flows in a flow-measuring flume. Nonetheless, the validity of the shallow-water approach is limited by the 
simplifying assumptions of a mild longitudinal slope and a hydrostatic pressure distribution, and its accuracy is bound 
to decrease as the variations in the flume geometry become more complex and the vertical acceleration induced in the 
flow gains in significance. In this study, a depth-averaged Boussinesq-type model, which implicitly incorporates the 
effects of the streamline vertical curvatures due to the horizontal two-dimensional geometry of the flume, was 
proposed to investigate the salient features of curvilinear transcritical and subcritical free-surface flows in a flat-
bottomed throatless flume. The simulation results for free-surface and bed-pressure profiles, and discharge rating 
curve were compared with the experimental data from the literature, thereby resulting in a reasonably well agreement. 
Furthermore, close examination of the numerical results revealed the detailed dependence of the discharge 
characteristics of the throatless flume under free-flow conditions on the dynamic effects of the flow due to the 
curvilinearity of the streamlines. With the demonstrated acceptable accuracy and practical applicability, the present 
numerical approach for developing the free-flow rating curve can be extended and adopted for other types of 
polygonal-shaped flat-bottomed flumes. 
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1. INTRODUCTION 

The measurement of discharge in open channels is crucial to the development and 
implementation of a large-scale water resources management plan. Information about flow rates can 
provide the basis for developing sustainable water allocation plan and equitable distribution of 
water between competitive users. For best management measures and practices, flow-measuring 
devices should be accurately calibrated and properly operated under modular-flow conditions. The 
most commonly used devices for measuring discharge in open channels, especially in irrigation 
canals, are the critical-depth flumes. In these flumes, critical-flow conditions usually occur at the 
throat section. Such flow conditions can allow the establishment of a consistent relationship 
between the upstream flow depth and the discharge. Among the various types of critical-depth 
flumes developed, the most common ones are the Parshall flume and a Venturi flume introduced by 
Cone (1917). To overcome the limitations of the Parshall flume application in flat gradient 
channels, Skogerboe and Hyatt (1967) proposed a throatless (cut-throat) flume by modifying 
Cone’s (1917) original design. This rectangular flat-bottomed flume consists of a narrowing section 
(throat), a converging section with a uniform contraction ratio of 1:3 and a diverging section with 
an expansion ratio of 1:6 for preventing flow separation (Hyatt, 1965). Unlike conventional Venturi 
flumes, it lacks an extended throat that connects the converging and diverging sections. Such a 
throatless flow-measuring flume was developed to perform satisfactorily under both free- and 
submerged-flow conditions (Robinson and Chamberlain, 1960). As a typical short-throated flume 
with a relative constriction length less than one (Hager, 2010, p337), the hydraulic behavior of the 
flow field of a throatless flume is more complicated than that of a long-throated flume. Under free-
flow conditions, the streamwise variation of the flume breadth induces curvilinear free-surface 
flows with a predominant non-hydrostatic pressure distribution, especially at high flow rates. 
Furthermore, the pattern of the vertical curvature of the streamline is influenced by the size of the 
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flume and magnitude of the flow rate. This fact implies that the conventional hydrostatic pressure 
(shallow water) approach is not always valid for this type of flow situation (Clemmens et al., 2001, 
p229-230) and cannot be applied to develop a numerical procedure for establishing the free-flow 
rating curve of the flume. The complete description of the curvilinear flow field of a throatless 
flow-measuring flume, therefore, requires an open-channel flow model which incorporates detailed 
information on the vertical structure of the flow field.  

Flow-measuring flumes in open channels have been studied for more than a century. A large 
number of extensive experimental investigations were carried out for thoroughly examining the 
free- and submerged-flow characteristics of the throatless flow-measuring flume (see, e.g., 
Skogerboe and Hyatt, 1967; Skogerboe et al., 1967; Skogerboe et al., 1972; Keller, 1984; Keller 
and Mabbett, 1987; Ramamurthy et al., 1985, 1988; Manekar et al., 2007; Torres and Merkley, 
2008). The overall accuracy and the range of application of the resulting empirical relations, 
however, depend on the scope of the experiments. In contrast to such extensive investigations, very 
little effort has been made to examine the salient features of curved flows in a throatless flume 
using a higher-order numerical model. From the practical point of view, an accurate higher-order 
open-channel flow model can effectively complement experimental studies for developing 
discharge rating curves and examining the hydraulic behavior of such a type of polygonal-shaped 
flume with a flat bottom. 

For the solutions of the problems of curvilinear free-surface flow, a number of different 
approaches have been proposed in the past. Some of the approaches applied a potential-flow theory 
to incorporate a variable velocity field and a non-hydrostatic pressure distribution into the energy 
equation (e.g., Matthew, 1991; Di Nucci and Russo Spena, 2018). Others (Berger and Carey, 1991; 
Dewals et al., 2006; Anh and Hosoda, 2007) followed the Dressler (1978) asymptotic stretching 
approach to derive higher-order equations in a bed-fitted curvilinear coordinate system. Using a 
Boussinesq-type approximation, Mohapatra and Chaudhry (2004), Bose and Dey (2007), and 
Zerihun (2008, 2016a) obtained an extended version of Boussinesq equations to analyze gravity-
driven free-surface flows. However, these governing equations neither take into account the effects 
of a spatially-varied breadth nor a sidewall curvature. For curvilinear flows through open channels 
with a varying breadth, Cheng et al. (2003) extended the Khan (1999) equations which were 
developed based on the pre-assumed linear distributions of vertical velocity and non-hydrostatic 
pressure. In this method, however, the effects of the streamwise variation of the channel breadth 
have not been incorporated in the vertical velocity profile. As a result of this, the pressure equation 
does not include terms that allow for the effect of sidewall curvatures. Using the momentum 
principle, Fenton and Zerihun (2007) also developed a higher-order flow equation that includes 
implicitly the effects of lateral contraction and expansion due to converging and diverging vertical 
sidewalls. As their method accounted for these effects to the first-order of approximation, the 
application of the corresponding pressure equation is limited only to free-surface flows in a channel 
of constant breadth. More recently, Zerihun (2016b) presented open-channel flow equations for 
analyzing curvilinear transcritical flows in channels with curved bed and sidewalls. The 
applicability of the equations was assessed, and good agreement with the experimental data was 
obtained. Those equations, however, had relatively long and complicated non-linear coefficients. 
Therefore, this study was designed to develop an alternative numerical model for steady non-
hydrostatic flows in a throatless flow-measuring flume. Unlike some of the aforementioned higher-
order models, the proposed model implicitly incorporates not only the effects of the streamline 
vertical curvatures but also the effects of the breadthwise contraction and expansion of the channel. 
Furthermore, it does not employ any assumptions regarding the distributions of the vertical velocity 
and pressure. The effects of non-uniform velocity and non-hydrostatic pressure distributions were 
incorporated into the model following Boussinesq’s (1877) approach for the treatment of the 
dynamic effects of the flow. The approach proposed hereafter is of practical importance as it is 
applicable to many problems of open-channel flow through flat-bottomed flow-measuring flumes. 

This study is thus prompted by the desire to develop a generalized depth-averaged model 
suitable for analyzing curvilinear open-channel flows through a throatless flow-measuring flume. 
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The model incorporates terms that account for the effects of the horizontal two-dimensional (2D) 
geometry of the flume and enhances the prediction of the discharge characteristics of the flume. The 
capacity of the model for describing the salient features of non-hydrostatic flows through such a 
flat-bottomed flume is also investigated by comparing the numerical solutions of the model with the 
experimental data. The proposed model is rather more convenient for developing a rating curve for 
critical-depth flumes under free-flow conditions. As a part of this investigation, a numerical 
approach based on this depth-averaged Boussinesq-type model is developed to formulate the free-
flow rating equation for a throatless flume. It is worth noting that the current approach applies a 
numerical treatment to the dynamic effects of the flow on the head-discharge characteristics of the 
flow-measuring flume. As a result, it allows simulation of complex flow behavior that may 
influence head-discharge relationships and overcomes the shortcomings of the existing lowest-order 
approaches.   

The remaining sections of the paper are organized as follows. Section 2 describes the derivation 
of the governing equations, followed by Section 3 where a brief discussion of the main features of 
the extended computational model, namely the spatial discretization of the equations, is presented. 
The solution procedures for the resulting non-linear discretized equations and the boundary 
conditions associated with the numerical model are also depicted in these sections. In Sections 4 
and 5, a brief discussion of the model results is presented by comparing the numerical results with 
the experimental data from the literature. The paper ends by summarizing the key findings of the 
study. 

2. MATHEMATICAL MODEL  

Consider a free-surface flow in a non-prismatic flat-bottomed rectangular channel, and define a 
Cartesian coordinate system such that the x - z  plane is parallel to the plane of the channel bottom. 
For a right-hand system, the positive y -direction points upward and is perpendicular to the x - z  
plane, as illustrated in Figure 1. The dynamic equation of Fenton and Zerihun (2007), which was 
developed based on the consideration of the momentum balance in the streamwise x -direction, 
reads as: 

∂Q
∂t

+ β ∂
∂x

Q2

A
⎛
⎝⎜

⎞
⎠⎟
+ 1
ρ

∂p
∂xA
∫ dA + fQ2Pw

8A2
= 0   (1) 

where f  denotes the Darcy–Weisbach friction coefficient; Q  is the discharge; A  is the cross-
sectional area of the flow; ρ  is the density of the fluid; p  is the pressure; β  refers to the 
Boussinesq coefficient; wP  is the wetted perimeter; and t  is the time.  

The continuity equation for a 2D open-channel flow may be written as: 

∂u
∂x

+ ∂v
∂y

= 0   (2) 

where u  and v  are the velocity components in the horizontal and vertical directions, respectively. 
Using the zeroth-order approximation, the horizontal velocity at a vertical section is given by its 
depth-averaged value as: 

u = q(x)
H

= Q
BH

   (3) 

where )(xq  is the discharge per unit width; B  is the variable breadth of the channel; and H  is the 
depth of flow. The presumption of a depth-independent horizontal velocity profile is not uncommon 
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in open-channel hydromechanics for non-hydrostatic flow situations (see for e.g., Serre, 1953a,b). 
As discussed by Ghamry and Steffler (2002), a simplifying approximation of this type for velocity 
distribution does not have a significant impact on the model results for global flow characteristics. 
In this study, the throatless flume flow problem is treated as a 2D flow problem on a vertical plane 
by ignoring the contributions of the transverse velocity component. This simplification is accurate 
enough to give a depth-averaged model which can adequately describe the mean flow 
characteristics of the flow problem. 

 
Figure 1. Definition sketch of curved free-surface flow in a throatless flow-measuring flume: (a) plan; and 

(b) longitudinal section. 

Using the Leibnitz rule, the integration of Equation (2) with respect to y  can be written in the 
following form: 

∂u
∂xy

η

∫ dy + ∂v
∂yy

η

∫ dy = ∂
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u y( )dy
y

η

∫
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⎟ + u y( )yx − u η( )ηx + vs − v = 0  (4) 

Substituting Equation (3) into Equation (4), and then integrating and differentiating the first term 
of the right-hand side of the above equation gives the following expression for the vertical velocity 
distribution after employing the kinematic boundary condition, vs = u η( )ηx , at the free surface:  

v =Q BHx + BxH
B2H

⎛
⎝⎜

⎞
⎠⎟ ξ −1( ) + uηx   (5) 

ξ = y −Y
η −Y

  (6) 

where η is the mean free-surface elevation; y is the vertical coordinate of a point in the flow field; Y 
is the channel bed elevation; ξ is a non-dimensional vertical height; and νs is the vertical velocity at 
the free surface. Equation (5) contains a term allowing for the effects of the breadthwise contraction 
and/or expansion of the channel on the vertical profile of the velocity. 

For a steady, non-uniform open-channel flow ( 0/ =∂∂ tv ), the expression for the non-hydrostatic 



Water Utility Journal 23 (2019) 15 

pressure can be deduced from the integration of the Euler equation for the momentum balance 
perpendicular to the channel bottom (White, 2016, p234): 

u ∂v
∂x

+ v ∂v
∂y

= Gy −
1
ρ
∂p
∂y

  (7) 

where ( )gGy −=  is the body force per unit mass, and yp ∂∂ /  is the pressure gradient in the vertical 
direction. Inserting Equation (5) into Equation (7) yields the following equation after integrating the 
resulting expression between an arbitrary point y  and the free surface η : 

p
ρg

= 1−ξ( )H + 1−ξ( )2 Q2

2gB3H
BHxx + 2HxBx( ) + 1−ξ( ) Q2

gB2H
Hxx

+ 1−ξ( )2 Q2

2gB4H 2 BHx + HBx( )2 − 1−ξ( ) Q2

gB3H 2 Hx BHx + HBx( )
 (8) 

The right-hand side of the above equation consists of the hydrostatic pressure term, the term 
accounting for the dynamic effects which depends on the vertical curvatures of the streamline, and 
the pressure change brought by the streamwise variation of the channel breadth. Obviously, these 
higher-order terms significantly affect the accuracy of the model results especially for flow 
problems with strongly curved streamlines. If the effects of the curvature of the streamline are 
ignored ( 02 ≅= xxx HH ), Equation (8) reduces to a well-known hydrostatic pressure equation for 
parallel-streamline flow in a prismatic channel ( 0=xB ). Setting ξ  equal to zero in Equation (8) 
results in the following equation for modeling the bed pressure: 

pb
γ

= H + Q2

2gB3H
BHxx + 2HxBx( ) + Q2

gB2H
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Q2
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+ Q2
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 (9) 

where bp  is the bed pressure, and γ = ρg( )  is the unit weight of the fluid. In the above equations, 
the subscript x  denotes a partial differentiation with respect to the streamwise horizontal axis. 

It is also assumed that the free surface is horizontal in the transverse direction, so that the 
pressure is not a function of z . Using this approximation, Equation (8) is differentiated with respect 
to x  and then integrated across the channel. After substituting the resulting expression into 
Equation (1) and eliminating the unsteady terms using the relationships 0// =∂∂=∂∂ tHBtA  and 

0/ =∂∂ xQ , the governing equation for a non-hydrostatic flow in a non-prismatic rectangular 
channel is obtained as follows:   
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where xB  is the contraction or expansion ratio of the channel. Equation (10) is a higher-order open-
channel flow equation for steady rapidly-varied flow problems where the effects of the streamline 
vertical curvatures due to the breadthwise contraction and/or expansion of the channel are 
significant. In the case of a gradually-varied flow in a rectangular channel with a varying breadth 
( 0≅= xxxxx HH ), this equation simplifies to that presented by Bélanger (1828, p9). 

Equations (9) and (10) will be used in this study for analyzing the important aspects of steady, 
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curvilinear transcritical and subcritical free-surface flows in a throatless flow-measuring flume. The 
accuracy of the equations will be demonstrated by comparing the numerical solutions with available 
experimental data. The results of validating the equations for such types of flow situations allow us 
to understand the strengths and weaknesses of the equations and also provide us a significant insight 
into how well the equations can describe the 2D structure of complex open-channel flows through 
polygonal-shaped flumes. 

2.1 Boundary conditions 

The complete numerical solutions of the throatless flume flow problems using the preceding 
depth-averaged equation require three external boundary conditions to be specified either at the 
inflow section only or both at the inflow and outflow sections. These two end sections are located in 
the hydrostatic flow region (indicated by nodes 0=j  and mj =  in Figure 1), so that the shallow-
water equations can be applied to compute the boundary values. The specification of the boundary 
conditions depends on the nature of the flow problems associated with the free- and submerged-
flow operating conditions of the flume. 

2.1.1 Curvilinear transcritical flow problems 

Under free-flow conditions, the free-surface flow through the flume channel becomes curved 
transcritical flow. For this flow, the flow depth, and the free-surface slope and curvature are 
specified as the boundary conditions at the inflow section. The free-surface slope can be computed 
from the specified depth using the gradually-varied flow equation as follows (Chow, 1959, p246): 

SH = Hx =
S0 − Sf +

βF2H
B

Bx

1− βF2   (11) 

Sf =
fq2

8gRH 2   (12) 

where HS  is the slope of the free surface; fS  is the friction slope; R  is the hydraulic radius; F  is 
the Froude number; and ( )xYS −=0  is the bed slope. For the subcritical approach flow upstream of 
the throatless flume, the Froude number squared is sufficiently small and can be ignored. Using this 
approximation, differentiating Equation (11) with respect to x  results in the following expression 
for computing the free-surface curvature: 

κ H = 3 fq2

8gH 4 S0 − Sf( )   (13) 

where Hκ  is the curvature of the free surface. 

2.1.2 Subcritical flow problems 

At the inflow and outflow sections, the flow depths are specified as the boundary conditions for 
the subcritical flow problems which are the result of operating the flow-measuring flume under 
submerged-flow conditions. Similar to the previous problems, the specified free-surface slope at the 
inflow section is obtained from Equation (11). 
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3. NUMERICAL SCHEME 

A numerical solution for the above non-linear curved-flow equation can be obtained by 
discretizing the equation using the finite-difference method. For simplifying the discretization 
process, Equation (10) is rewritten in a general form as: 

Hxxx, j +ζ 0, jH xx, j +ζ1, jH x, j +ζ 2, j = 0   (14) 

where jj ,1,0 , ζζ  and j,2ζ  are the non-linear coefficients at node j  associated with Equation (10). 
The spatial derivative terms in Equation (14) were discretized by using the five-point finite-
difference equations as (Bickley, 1941): 

Hx, j =
1

12Δx
−H j−3 + 6H j−2 −18H j−1 +10H j + 3H j+1( )  (15) 

Hxx, j =
1

12 Δx( )2
−H j−3 + 4H j−2 + 6H j−1 − 20H j +11H j+1( )  (16) 

Hxxx, j =
1

2 Δx( )3
H j−3 − 6H j−2 +12H j−1 −10H j + 3H j+1( )  (17) 

where xΔ  is the size of the step. In order to minimize numerical errors due to spatial discretization, 
the size of the step was kept between 0.8% and 2% of the horizontal length of the solution domain. 
For computational nodes near the outflow section, these terms were estimated with three-point 
backward finite differences. Because of the finite-difference approximations at each computational 
node, Equation (14) became a non-linear algebraic equation. The implicit set of the non-linear 
equations, together with the prescribed boundary conditions at the inflow and/or outflow sections, 
was first linearized by using the Newton–Raphson method with a numerical Jacobian matrix and 
then solved by the lower-upper (LU) decomposition method. Such an iterative method proceeded 
from the assumed initial position of the free surface. The convergence of the numerical solutions 
was assessed based on the relative change in the solution criterion with a convergence tolerance of 

610 − . 

4. VALIDATIONS AND DISCUSSION 

This section describes the application of the proposed depth-averaged Boussinesq-type model to 
throatless flume flow problems and compares the model results with the experimental data from the 
literature. In order to examine the model’s ability for accurately describing the effects of the 
streamline vertical curvature, the following benchmark test cases related to flows in a throatless 
flow-measuring flume were considered: (i) curvilinear transcritical flows; and (ii) weakly non-
hydrostatic flows with different values of submergence ratio, ω , which is the ratio of the 
downstream flow depth to the upstream depth of flow above the flume bed. For all the test cases 
presented here, the experiments were performed in hydraulically smooth channels made of 
Plexiglass. Hence, a smooth boundary resistance method based on the Darcy–Weisbach equation 
with an explicit form of the Colebrook–White formula (Zigrang and Sylvester, 1982) was used to 
compute the friction slope. In this work, the numerical simulations were performed by taking the 
origin of the Cartesian coordinate system at the upstream end of the converging section. 
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4.1 Transcritical flows with curved streamlines 

The experimental data of Aukle (1983) was used to validate the predictions of the proposed 
model for a non-hydrostatic flow problem. Three geometrically similar rectangular throatless flow-
measuring flumes were fabricated and installed in a horizontal glass-walled channel, 470 mm deep 
and 301 mm wide. The flumes were then tested under free-flow conditions for various inflow 
discharges. The dimensions of the flow-measuring flumes are given in Table 1. The measurements 
of free-surface elevation and bed-pressure profile were taken along the centerline of the channel by 
means of a manual point gage and piezometer, respectively. The accuracies of the measurements 
were 0.50 mm and 0.30 mm for the pressure head and flow depth, respectively. A Pitot tube was 
also used to obtain the streamwise velocity profile. Further details of the experimental system can 
be found in Aukle (1983). 

 
Table 1. Details of the geometry of the flow-measuring flume  

Flume L (mm) Lc (mm) Bt (mm) B0 (mm) L/Bt 

A 650 217 156 301 4.15 
B 486 162 117 225 4.15 
C 384 108 78 150 4.15 

 
Figure 2 displays the comparison of the predicted free-surface and bed-pressure profiles with 

Aukle’s (1983) experimental data. In Figure 2a, c and e, the variation of the dimensionless free-
surface elevation, L/η  ( L  is the length of the flow-measuring flume), with the normalized distance 
from the upstream end of the converging section, Lx / , is shown. Upstream of the throat section, 
the agreement between the model results and the experimental data was remarkable. Downstream of 
this section, however, the model slightly underestimated the free-surface elevations near the critical 
section, especially for high discharges. It can be seen from this figure that the overall quality of the 
numerical results for the supercritical flow part was satisfactory, with a maximum relative error of 
7.0%. For a range of discharges considered here, the Froude number of the approaching flow was 
less 0.5. Consequently, the simulated free-surface profile in the subcritical flow region did not have 
any an undulatory character, as noted by Hager (2010, p341). The numerical results for the bed-
pressure profile showed good correlation to the measurements, as depicted in Figure 2b, d, and f. A 
small dip was noticeable in the predicted bed-pressure profile near the throat section due to a 
sidewall slope break. It is clear from Figure 3 that the pressure distribution of the flow problem 
considered is non-hydrostatic as a result of the substantial vertical curvature of the streamline, 
especially in the flow transition region near the throat section ( 7.0/1.0 << Lx ). This implies that 
the free-flow rating equation, based on the flow parameters at the gaging station ( 9/1/ =Lx ), 
should incorporate terms accounting for the effects of the dynamic pressure. In the vicinity of the 
inflow and outflow sections, the flow is nearly horizontal with parallel streamlines. Consequently, 
the dynamic pressure does not play any significant role in this region. 

In Figure 4, the computed streamwise velocity profiles along the centerline of the channel are 
compared with Aukle’s (1983) experimental data. Even though the assumed depth-independent 
horizontal velocity profile is an approximation, the numerical results were in a reasonable 
agreement with the experimental data. It can be seen from this figure that the maximum velocities 
for a flow in the narrow sections of the flow-measuring flume occurred below the free surface. This 
is due to the fact that the channel breadth to flow depth ratio of the simulated flow problem is less 
than the threshold value of 7.0. At a lower value of this ratio, the effects of sidewalls on the velocity 
distribution are significant even for flow in a smooth laboratory flume (Rajaratnam and Muralidhar, 
1969). Despite its incapability to simulate this flow phenomenon accurately near the free surface, 
the proposed velocity distribution equation satisfactorily predicted the horizontal velocity profile of 
the converging open-channel flows. 
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Figure 2. Model results for transcritical flows in geometrically identical flow-measuring flumes. (a), (c) and (e) are 
simulated free-surface profiles for such flows in Flumes A, B and C, respectively, and (b), (d) and (f) are the 

corresponding computed bed-pressure profiles. 

4.2 Weakly non-hydrostatic flows 

The experimental data of Vo (1986) was used to assess the performance of the proposed model 
for subcritical flow conditions. Vo (1986) conducted a series of experiments under submerged-flow 
conditions using the flow-measuring flumes described in Section 4.1. The data of the selected tests 
for free-surface and bed-pressure profiles along the centerline of the channel was used to verify the 
numerical results. The computational results of the proposed model for flows with submergence 
ratios, ω , of 92%, 94% and 95% are shown in Figures 5. For this flow situation, the effects of a 
non-hydrostatic pressure distribution are confined to a flow region near the throat section (

7.0/1.0 << Lx ). Outside this region, the flow is nearly uniform with a hydrostatic pressure 
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distribution. As shown in the figure, the computed free-surface and bed-pressure profiles compared 
reasonably well with the experimental data. For flow with ω  equal to 95%, the model 
underestimated the bed pressure near the throat section, with a maximum relative error of less than 
5.0%. The overall performance of the model for weakly non-hydrostatic flows through a throatless 
flume was satisfactory.  

   

Figure 3. A streamwise variation of a non-dimensional form of dynamic bed pressure (Flume A). The dynamic 
component of the bed pressure is indicated by dp . 

 

 

Figure 4. Streamwise velocity profiles in the converging section of a throatless flow-measuring flume: (a) at the 
upstream inlet section; (b) at the upstream end of the converging section; (c) at the upstream gaging station; and (d) at 

the throat section. 
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Figure 5. Weakly-curved subcritical flows in a flow-measuring flume: (a) free-surface profiles; and (b) bed-pressure 
profiles. 

In the next section, a numerical approach based on the preceding depth-averaged Boussinesq-
type model will be developed and applied to simulate the free-flow discharge characteristics of a 
flat-bottomed throatless flume. Unlike the hydrostatic pressure approach, the present method takes 
into account most of the factors affecting the hydraulic behavior of the curvilinear flow field of the 
throatless flume. Earlier studies (see, e.g., Keller, 1984; Ramamurthy et al., 1985) showed that the 
heads or the flow depths at the upstream and downstream stations can be measured accurately by 
slightly modifying the inlet and outlet conditions. Hence, the development of head-discharge 
relationships using a higher-order approach for such a flume assumes considerable practical 
importance. It is worth mentioning that the selected experimental data for verifying the numerical 
approach is free of surface tension and viscosity effects. 

5. FREE-FLOW RATING EQUATION 

As described before, the throatless flow-measuring flume was developed to measure discharge in 
open channels under free- and submerged-flow conditions. Several investigators proposed empirical 
or semi-empirical rating equations as a function of the piezometric head at the upstream gaging 
station (Skogerboe et al., 1972; Keller, 1984; Manekar et al., 2007; Torres and Merkley, 2008), and 
others presented a different approach based on the flow depth at this station (Ramamurthy et al., 
1985, 1988; Temeepattanapongsa et al., 2013). In this study, a numerical method, which accounts 
for the effects of a non-hydrostatic pressure distribution, is proposed to develop the free-flow rating 
equation. For this purpose, Equation (10) can be rewritten in terms of flow and flume geometry 
parameters at the gaging station ( 9/Lx = ) as follows: 
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where Ω  refers to the dimensionless discharge, and the subscript 1 indicates that all parameters are 
evaluated at the upstream gaging station (see Figure 1). The higher-order spatial derivative terms in 
Equation (18) can be evaluated from the depth-averaged pressure correction coefficient, which is 
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defined as the ratio of the total pressures at a vertical section resulting from non-hydrostatic and 
hydrostatic pressure distributions. Using Equation (8), the resulting expressions for this coefficient 
and its first derivative read as: 

Kp ≅ 1.0 +
2Q2

3gB1
2H1

2 Hxx,1   (21) 

Hxxx,1 =
3gB1

2H1
2

2Q2

dKp

dx
  (22) 

where pK  is the depth-averaged pressure correction coefficient. Substituting Equations (21) and 
(22) into Equation (18) and then simplifying the resulting expression leads to: 

Ω = − H1

Γ1B1
4 Hx,1 −

H1
2

2Γ1B1
4

dKp

dx
+ 3H1

2

2Γ1B1
4

7Bx,1

6B1
+
2Hx,1

3H1

⎛
⎝⎜

⎞
⎠⎟
Kp −1.0( )  (23) 

Equation (23) is a higher-order free-flow rating equation for open-channel flows in a throatless 
flow-measuring flume. It accounts for the effects of the vertical acceleration on the discharge 
characteristics of the flume. For a nearly uniform flow situation at the gaging station, 0.1=pK  and 

0=dxdK p . Using this fact, Equation (23) yields a simplified expression, which is suitable for 
developing a rating curve for weakly non-hydrostatic flows in a flat-bottomed long-throated flume. 

For simplifying the numerical procedures, an empirical equation for the pressure correction 
coefficient was developed by analyzing Aukle’s (1983) experimental data for curved free-surface 
flows in a throatless flume. The analysis results revealed that the profile of the pressure correction 
coefficient (see Figure 6) can be described by a smooth curve defined by: 

Kp = 1.0 − Γ2
H1

B1
  (24) 

where 2Γ  is an unknown constant. The best-fit result of this equation (coefficient of determination 
equal to 0.97) yields a 2Γ value of 192/10 . As 0/ 11 →BH , pK  approaches to unity which 
corresponds to the pressure distribution of parallel-streamline flow. Differentiating Equation (24) 
with respect to x  results in: 

dKp

dx
= Γ2

H1

B1
2 Bx,1 −

Hx,1

B1

⎛
⎝⎜

⎞
⎠⎟

  (25) 

Equations (19) and (23), together with Equations (24) and (25), were solved numerically to 
establish the free-flow rating curve for a throatless flume with a flat bottom. The computational 
results were compared with Aukle’s (1983) experimental data and the results of empirical rating 
equations proposed by Hager (1993) and Temeepattanapongsa et al. (2013). The Hager (1993) 
equation for free-flow discharge reads as: 

Q = 8
27

⎛
⎝⎜

⎞
⎠⎟

gBt
2h1

3( ) 1.0 + h1
4Bt

⎛
⎝⎜

⎞
⎠⎟

  (26) 

where 1h  is the piezometric head at the upstream gaging station, and Bt is the breadth of the throat. 
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Similarly, Temeepattanapongsa et al. (2013) recalibrated the free-flow rating equation, which was 
originally proposed by Skogerboe et al. (1972), to generalize the discharge rating parameters. The 
rating equation was recalibrated for flume length ranging from 0.457 m to 2.743 m and was valid 
for flume length to breadth of the throat ratio between 2.25 and 9.0. The results of their regression 
analysis led to the following form of the rating equation: 

Q = Γ3 H1( )λ   (27) 

Γ3 = 0.036 + 2.058 Bt( )0.979   (28) 

λ = 1.514 L( )0.021 + Bt( )−0.027   (29) 

where the parameters H1, Bt and L are inserted in the unit of meter. Figure 7 compares the 
normalized rating curves computed by various methods with the experimental data. The prediction 
of the present method closely resembled the experimental data and the results of the empirical 
rating equations. For this test case, the performance of the proposed method for predicting the free-
flow discharge characteristics of a throatless flow-measuring flume was reasonably good. 

 

Figure 6. Variation of the pressure correction coefficient with 11 / BH . The experimental data are indicated by three 
different geometric symbols, namely diamond, triangle, and circle. 

 

Figure 7. Comparison of the normalized rating curves computed by different methods with the experimental data for 
free flows through a throatless flow-measuring flume. The experimental data are indicated by three different geometric 

symbols, namely diamond, triangle and circle. 
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The results of the present method were also compared with Huson and Gardell’s (1980) 
experimental data for flows in rectangular throatless flumes, and their data is available in Ren 
(1993). They performed the experiments in 2.75 m long flat-bottomed flumes with breadths of the 
throat 313 mm, 608 mm and 919 mm. The flow rates and the upstream and downstream piezometric 
heads were measured using a rectangular sharp-crested weir and stilling wells, respectively. The 
preceding depth-averaged Boussinesq-type model was used to generate the required flow depth and 
pressure distribution data for a typical throatless flume with a value of L / Bt equal to 2.99. Figure 8 
depicts the comparison of the measured discharge with the numerical results of the present method 
and the earlier empirical rating equations. It is evident from this figure that the agreement between 
the experimental and numerical results was satisfactory. All computed points lay within the error 
bound of ±10%. 

 

Figure 8. Comparison of measured discharges ( mQ ) with computed discharges ( cQ ) for open-channel flows in a 
throatless flume under free-flow conditions. 

6. CONCLUSIONS 

A higher-order model for simulating non-hydrostatic open-channel flows in depth-averaged 
computations was developed and presented in this work. The model equations, which allow for the 
effects of the streamline vertical curvatures due to the breadthwise contraction and/or expansion of 
the channel, are capable of predicting a fairly accurate description of the two-dimensional structure 
of the curvilinear flow field. For testing the validity of the equations, a numerical method was 
developed by setting-up simultaneous non-linear finite-difference approximations to the equations 
at each of a number of computational nodes. As direct solutions for the problem of computing free-
surface profile cannot be obtained owing to implicit form of the discretized equations, the Newton–
Raphson iterative method with a numerical Jacobian matrix was used to solve the resulting non-
linear equations. The model was applied to solve benchmark problems of free-surface flow in flat-
bottomed throatless flumes with values of L / Bt equal to 2.99 and 4.15, and the results were 
compared with the experimental data from the literature. 

For curvilinear transcritical flow situations, the proposed model accurately predicted the free-
surface and bed-pressure profiles irrespective of the dynamic effects of the flow due to the vertical 
curvature of the streamline, thereby demonstrating its capacity for treating short-length scale open-
channel flow problems. Close examination of the dynamic bed pressure results revealed the 
importance of the curvilinearity of the streamlines, implying that the free-flow rating equation, 
based on the flow parameters at the upstream gaging station ( 9/1/ =Lx ), should include terms 
accounting for the effects of the vertical acceleration of the flow. For the case of subcritical free-
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surface flows, the prediction of the model closely resembled the experimental data although the 
zones of high curvilinear effects are confined to a flow region near the throat section  
( 7.0/1.0 << Lx ). The overall performance of the model for both flow situations was satisfactory. 

As a part of this investigation, a higher-order numerical approach was proposed to determine the 
free-flow discharge of a throatless flow-measuring flume with a flat bottom. Because of the 
inclusion of the dynamic pressure correction, this approach allows simulation of complex flow 
behavior that may influence head-discharge relationships and overcomes the shortcomings of the 
conventional hydrostatic pressure approach, which is applicable only to parallel-streamline open-
channel flows through the critical section of the flow-measuring flumes. Additionally, the validation 
results confirmed that the present method is capable of predicting the flow rates of the throatless 
flume under free-flow conditions within an error bound of ±10%. With the demonstrated acceptable 
accuracy and practical applicability, the suggested numerical approach can be extended and 
implemented as a numerical tool for analyzing the free-flow discharge characteristics of other types 
of polygonal-shaped flat-bottomed flumes. 
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