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Abstract:  The uplifting pressure head distribution on low head diversion structure was analyzed using finite difference method 
(FDM). The method allows for accurate design of structures built on isotropic and deep permeable as well as 
anisotropic and/or shallow permeable media. Sample design is presented to demonstrate the capability of the method. 
On isotropic and deep permeable media, the uplift pressure head distribution was not found to vary linearly from 
upstream to downstream contrary to the assumption of Khosla’s method of independent variables. The magnitude of 
uplift pressure was also found overestimated on the upstream by Khosla’s approach than that by FDM. Moreover, the 
effects of anisotropy and variation in depth of permeable media were found to affect the magnitude and distribution of 
uplifting pressure head on the apron of structures. The percentage of residual uplift pressure head decreases for points 
at downstream points of the structure as the ratio of horizontal to vertical permeability increase. The percentage of 
residual uplift pressure head increases for points at upstream of the structure with decrease in depth of permeable 
media. Successive over relaxation method was employed for rapid convergence of the final solution and a computer 
program using VB.net was developed to facilitate computation. 
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1. INTRODUCTION 

Headwork structures are engineering facilities built across rivers to store water and/or divert it 
from its original course. Among these, low-head diversion structures are extensively used in 
irrigation projects to divert water to a canal from a natural river by raising the water level upstream. 
They are costly structures due to their usually massive structural volume. A typical of such 
structures includes a weir or barrage. The parameters of the components of these structures are 
interrelated and are set based on various considerations of surface and subsurface hydraulic and 
geologic conditions. 

Various researchers have forwarded a wide range of surface and subsurface flow theories for the 
safe and economical design of low-head diversion structures. Notably, Bligh (1912) and Khosla 
(1954) made significant contribution to the design of low head diversion structures by proposing 
subsurface flow theories and the corresponding design methods for structures founded on permeable 
medium. 

The subsurface flow theories behind both Bligh’s and Khosla’s design methods depend on 
assumptions of isotropic and deep permeable media. However, soil permeability is markedly 
anisotropic, with Kh, the coefficient of horizontal permeability, several times larger than Kv, the 
coefficient of vertical permeability (Novak et al., 2001). The average permeability of natural sandy 
soils in a horizontal direction may be from 2 to 10 times the value for the vertical direction 
(Vallentine, 1959). In such cases, where the permeable media is anisotropic, graphical method of 
flow nets may be used to solve the subsurface flow for important structures (Garg, 2005). However, 
a graphical solution is a trial and error method and takes a great amount of time to solve a 
subsurface flow problem, especially for geometrically complicated flow media, such as those under 
low head diversion structure. Moreover, in a rocky-country-side like those found in Ethiopia, low-
head diversion structures are likely to be constructed on shallow permeable media. Using Bligh’s 
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and Khosla’s mathematical methods in such circumstances, where the assumptions of isotropy and 
deep permeable media are not met, may be uneconomical or unsafe, or even both uneconomical and 
unsafe.  

Steady laminar subsurface flow can be described mathematically by the Laplace equation  
(Ragunath, 1983). The Laplace equation is an elliptic partial differential equation which, 
given the boundary conditions, can be solved for porous media flow by using numerical methods 
such as finite difference method (Amerman, 1976a, b). Recently, Garg and Singh (2014) also 
reported a study on the design of barrages on heterogeneous and anisotropic soils, based on the 
analysis of subsurface flow by finite element method.  

In this study, subsurface analysis of low-head diversion structures founded on all types of 
homogeneous permeable media including anisotropic and shallow permeable media is made using 
finite difference method. Though the idea behind finite difference method is simple, enormous 
iterative calculation is needed to solve subsurface problems with it. Moreover, the complexity of 
permeable media profile under low-head diversion structures due to the existence of piles and 
varying apron thickness seems to have hindered the usage of finite difference method in designing 
of diversion structures. Successive over relaxation method was employed for rapid convergence of 
the final solution and a computer program using VB.net was developed to facilitate the 
computation. 

2. METHODOLOGY 

2.1 Theoretical considerations for analysis 

Water moves through porous materials in response to gradients in hydraulic head and in 
accordance with the law of continuity. Due to nature of the distribution of hydraulic head 
and of hydraulic soil properties, partial differential equations together with appropriate 
boundary and initial conditions are used to specify particular flow situations (Amerman, 
1977).  

2.1.1 The Laplace equation 

The method used to predict the subsurface flow of water both in anisotropic and isotropic media, 
is to solve the Laplace differential equation that describes the flow. From conservation of mass, the 
Laplace equation for steady incompressible fluid flow in a two-dimensional coordinate system is 
given by:  
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Introducing a velocity potential  φ=Kh, defined as a scalar function of time and space, for 
anisotropic permeable media with permeability coefficient Kx and Ky in the horizontal and vertical 
directions, respectively, Eq. 1 is written as: 
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Eq. 2 was used to analyze the distribution of uplifting pressure head on the apron of a structure 
founded on permeable media. 
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2.1.2 FINITE DIFFERENCE METHOD 

The finite difference method (FDM) is simple and flexible that the non-linearity arising from 
changes in parameter values, such as the change between confined and unconfined states can be 
included without difficulty (Amerman, 1977). Therefore, it is selected for solving the Laplace 
equation that represents the subsurface flow of water under low-head diversion structures. 

The finite difference approximations are algebraic in form, and the solutions are related to grid 
points. Thus, a finite difference solution basically involves first dividing the solution into grids of 
nodes followed by approximating the given differential equation by finite difference equivalence 
that relates the solutions to grid points, and finally solving the difference equations subject to the 
prescribed boundary conditions and/or initial conditions.  

Desired accuracy of the solution from FDM is a function of individual preference and the 
parameters of given situations, but grids that are manifestly too coarse in either space or time are 
easily recognizable in the results. If  ∆x and ∆y are too large, equipotentials exhibit irregular 
shapes. For small  ∆x and ∆y, the finite difference calculation will take long computation 
time. Hence, compromise grid spacing should be selected. In this study, a grid spacing of 
10 cm is selected and found to give satisfactory results both in computation time and in stability of 
solution. 

 

Figure 1. Grid for solving the Laplace equation 

Referring Figure 1, the second order differential of the velocity potential function is 
approximated on a fine grid in x-direction as: 
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Similarly, in y-direction: 
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Letting ∆x and ∆y=s for equal mesh spacing in the x and y directions: 
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The Laplace equation (Eq. 2), therefore, becomes: 
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Further, rearranging Eq. 7, we get: 
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The head at a particular point is calculated using the head at neighboring points using the 
rearranged formula with the ratio of coefficients of the permeability of the porous medium 
in vertical to horizontal directions as: 
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where,  
Kx and Ky:  permeability of media in x and y direction, respectively 
Hi, j:  head at grid point i, j 
Hi, j-1:  head at grid point i, j-1 
Hi-1, j:  head at grid point i-1, j 
Hi, j+1:  head at grid point i, j+1 
Hi+1, j:  head at grid point i+1, j 

 
For the ideal case of Kx/Ky =1, Eq. 9 becomes: 
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Thus, Eq. 10 shows that for isotropic condition the potential (head) at a grid-point is 
simply the mean potential of its neighbors. 

To find the solution of Eq. 9, the values of the grid-points on the boundaries is 
fixed in accordance to the boundary conditions, Viz, Drichilet (constant head) and 
Neumann (no flow) boundary conditions of the site and the calculation are iterated until 
successive results agree within desired limits. 

The boundary conditions that are considered to solve the Laplace equation in the two-
dimensional coordinate system are as shown in Figure 2. The coordinates of their 
vertices are calculated from the dimensions of the components Viz. Length of aprons, 
thickness of piles, depth of piles and depth of permeable media. Then, these boundary 
conditions are represented in computer program as: 
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Constant head boundary conditions: 
Horizontal Boundary    

0,0  - X1, 0 Hi, j =Hc1 
X6, V7 - X7, V7 Hi, j =Hc2 

Vertical Boundary    
0, 0 - 0, V8 Hi, j =Hc1 

X7, V7 - X7, V8 Hi, j =Hc2 

 

Figure 2. A typical longitudinal section of the low head diversion structure with boundary conditions and coordinate 
representation of vertices 

No-flux or impervious boundary conditions: 
For no-flux or impervious boundary conditions, the velocity of flow across the boundary is 

zero. This can be represented by making ∆H=0. For ∆H to be zero, the head at an impervious 
boundary should be equal to the head at the adjacent node. 

Horizontal Boundary    
X1, V1 - X2, V1 Hi, j = Hi, j+1 
X2, V2 - X3, V3 Hi, j = Hi, j+1 
X5, V6 - X6, V6 Hi, j = Hi, j+1 

0, V8 - X7, V8 Hi, j = Hi, j-1 
Vertical Boundary    

X1, 0 - X1, V1 Hi, j = Hi-1, j 
X2, V2 - X2, V1 Hi, j = Hi+1, j 
X5, V5 - X5, V6 Hi, j = Hi-1, j 
X6, V7 - X6, V6 Hi, j = Hi+1, j 

Sloping Boundary    
X3, V3 - X4, V4 Hi, j = Hi, j+1 
X4, V4 - X5, V5 Hi, j = Hi, j+1 

 
For the gird points representing the inside of the permeable media, the head at a point is 

calculated using Eq. 9.  
One of the most successful iterative methods for the solution of a system of algebraic 

equations is the successive over relaxation (SOR) method (Moin, 2001). In case of large 
quantities of data, it is useful to implement the SOR by introducing a so-called over relaxation 
parameter λ. Over relaxation technique helps for rapid convergence to the final solution by 
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amplifying each step towards the final solution when 0 <  λ < 1. In this method the process of 
finding the next solution is represented by: 

( )1( , ) ( , ) 1n n nx y x yφ φ λ+ = + + ∆   (11) 

where, 0 < θ < 1 controls the degree of over relaxation and ∆n is given by: 
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where,  
φn(x,y):  head at the given coordinate position in a cartesian coordinate system 
n:  the iteration number 
λ:  over relaxation parameter which is taken to be 0.50 
∆n:  the difference between the head at a point in the nth iteration and the average head of its 

neighbouring points  
s:  grid spacing 
 
The above representations are solved by iteration until subsequent solutions are sufficiently 

close. The algorithm for solving the Laplace equation by finite difference technique using the 
boundary conditions as input is given in Figure 3. 

2.1.3 Comparison of the FDM and Khosla’s method 

The finite difference approach employed was compared with Khosla’s method of independent 
variables by taking the following sample problem with assumption of isotropic and deep permeable 
media, and comparing the output results from the two methods.  

A simple low-head diversion structure shown in Figure 4 is considered. The parameters of the 
structure are as given in Table 1.  

2.1.4 Effect of anisotropy and depth of the permeable foundation on uplift pressure head 

For the sample problem above, analysis was made to see the effects of depth of permeable media 
and anisotropy on the uplifting pressure head distribution. The depths of permeable media that were 
considered for analysis are 10, 20, 30, 40 and 50 m. Analysis for the effect of anisotropy considers 
permeability ratios in the horizontal to vertical directions as 20, 10, 5, 2 and 1. 

3. RESULTS AND DISCUSSION 

3.1 Comparison of FDM and Khosla’s method  

For the sample problem considered, Khosla’s method of independent variables was found to 
predict higher value of uplift pressure at the upstream points, and lesser value of uplift pressure at 
downstream point compared to that found using the finite difference method (Figure 5). The design 
procedure with the method of independent variables adapts a linear distribution of uplifting pressure 
head. Whereas, the finite difference calculation reveals the true nature of the uplifting pressure head 
distribution. 
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Figure 3. Algorithm for solving the finite difference problem with over relaxation technique 
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Figure 4. Schematic view of the diversion structure 

Table 1. Input used for sample problem  

Parameters Value 
Total apron length 30m 
Upstream pile depth 6m 
Downstream pile depth 8m 
Upstream head 100% 
Downstream head 0% 
Depth of permeable media 50m, 80m* 
* 50 m and 80 m depths of permeable media were considered as sufficient 
enough satisfying Khosla’s assumption of infinite depth. 

3.2 Effect of depth of permeable media on uplift pressure head distribution 

The effect of depth of the permeable media on the magnitude and distribution of the residual 
uplift pressure head was analyzed based on the sample problem considered. The result is shown in 
Figure 6. It indicates that the percentage of residual uplift pressure head decreases for points at 
downstream of the structure as the depth of permeable media decreases. The percentage of residual 
uplift pressure head increases for points at upstream of the structure with decrease in depth of 
permeable media. This implies that solving the uplift-pressure-head distribution by finite difference 
method helps for a more accurate design when designing structures built on shallower permeable 
media. Though the uplift pressure head at upstream of structures is greater for shallow permeable 
media than that for a deep permeable media, there may be no need to increase the apron thickness 
depending on existence of surface water, which helps adequately counter the uplift pressure with its 
weight. 

3.3 Effect of anisotropy on uplift pressure head distribution 

The results of the analysis for the effect of anisotropy are as shown in Figure 7. The 
analysis was done for a 30 m deep foundation, with various ratios of permeability in the 
horizontal to that in the vertical direction. 

The results indicate that the percentage of residual uplift pressure head decreases for points at 
downstream points of the structure, as the ratio of horizontal to vertical permeability increase. 
This implies more economical design may be achieved by solving the subsurface flow under 
engineering structures founded on anisotropic soil of high horizontal to vertical permeability 
ratio, with the finite difference method. 
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Figure 5. Uplift pressure distribution by FDM and Khosla’s method 

 

Figure 6. Uplift pressure head distribution for a structure founded on various depths of isotropic permeable media  

 

Figure 7. Uplift pressure head distribution for an anisotropic permeable media with various ratios of horizontal to 
vertical permeability  
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4. CONCLUSION 

The subsurface flow analysis for low diversion head structures, which are built on anisotropic 
and/or shallow, as well as isotropic and deep permeable media, was analyzed using finite difference 
approach. Unlike the Khosla’s assumption, it was found that the residual uplift pressure head does 
not linearly vary from upstream to downstream, implying that accurate representation of the 
subsurface flow phenomenon is quite important for proper design of diversion structures in 
particular and any hydraulic structures in general. Moreover, the residual uplift pressure was found 
to be affected by depth of permeable media and anisotropic soil condition. This is more pronounced 
for the case of diversion structure built on shallow anisotropic permeable media, with high 
horizontal permeability to vertical permeability ratio. Therefore, effects of anisotropy and depth of 
permeable media should be considered while designing head work structures built on permeable 
structures.  
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