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Abstract:

The free overfall can be used as a metering device for discharge in open channels. In earlier works, the solutions to
the free-overfall problem were generally found on the basis of empirical relations stemming from measurements or
through the application of a simplified theoretical method. For this type of curved-flow problem, the hydrostatic
pressure approach is no longer valid. In this study, the Boussinesq approach for treating the effects of the vertical
acceleration, along with the assumption of a linear variation of horizontal velocity across the flow depth, is employed
to develop a non-hydrostatic numerical model. The suitability of the proposed model is investigated by simulating
curvilinear overfalls in rectangular channels with smooth and rough beds. The computed results for velocity
distribution at different sections and free-surface and pressure profiles were systematically compared with the
experimental data, thereby resulting in a remarkable agreement. Overall, the results of this study exhibited the validity
of the model in simulating complex transition between subcritical and supercritical flow regimes and hence
highlighted the potential of the current computational scheme for developing a discharge rating curve for free overfall
with a subcritical approach flow.
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1. INTRODUCTION
In the past, the dynamics of free-surface flows have been the subject of many experimental and
theoretical studies. For a regulated streamflow, the outcomes of such studies have been used for
developing an effective water management plan and operating rules. In a regulated open-channel
flow system, a hydraulic structure such as a drop structure may be used as a metering device for
discharge (Bos, 1989, p. 326). One of the main flow features of a drop structure is the free overfall,
which is characterized by a departure from the hydrostatic pressure distribution caused by the strong
vertical curvatures of the streamline in the vicinity of the drop brink. For this type of flow situation,
the depth-averaged Saint-Venant equations, which rely on an important assumption of negligible
vertical acceleration, are no longer valid. For the free-overfall problem, the effect of the dynamic
pressure needs to be properly accounted for so as to develop a depth-averaged model which is
capable of describing the two-dimensional (2D) structure of the flow field. From a practical
perspective, such a type of numerical model can effectively supplement expensive physical model
tests, especially for establishing the brink-depth-discharge relationships for free overfall with a
subcritical approach flow.
The problem of a laterally-guided free overfall as a discharge measuring device has been
extensively studied experimentally, analytically, and numerically. Rouse (1932, 1933), Rajaratnam
and Muralidhar (1968), and Rajaratnam et al. (1976) were carried out detailed experimental
analyses to investigate the flow characteristics of a rectangular free overfall, including the
distributions of velocity and pressure. Besides, several theoretical and experimental investigations
have been conducted to understand the hydraulics of the end-depth (brink-depth) problem and to
determine the end-depth ratio in channels with various cross-sectional shapes. A comprehensive
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review of these investigations was presented by Dey (2002).
Solutions of the potential-flow theory to determine the hydraulic characteristics of the free
overfall in a rectangular channel were given by Jaeger (1948), Montes (1992), Marchi (1993), and
Guo (2005). Even though the assumption of irrotational flow is reasonable for converging flow
situations (see, e.g., Le Méhauté, 1969, p. 354), this approach cannot take into account the effects of
turbulence. A higher-order energy form of an open-channel flow equation, which considers the
rotational effect of the curvilinear flow, was developed and applied by Nakagawa (1969) to analyze
the internal structure of the free overfall. Khan (1999) also applied the Boussinesq-type equations to
solve the rectangular free-overfall problem numerically. The equations were developed by depthaveraging the 2D Reynolds-averaged Navier-Stokes (RANS) equations based on the assumptions of
a linear variation of vertical velocity and non-hydrostatic pressure distributions. However, the
numerical solution of the pressure equation is unrealistic, especially for the free jet portion of the
flow close to the brink section, where the pressure at the free surfaces of the nappe is atmospheric.
Results of the pressure distribution measurements by Rouse (1932) and Rajaratnam and Muralidhar
(1968) demonstrate that the internal pressure is non-atmospheric in this flow region due to the
converging nature of the streamlines. Likewise, Ramamurthy et al. (2005, 2006) and Guo et al.
(2008) applied the volume of fluid method based on the RANS equations to arrive at the solutions
of the free-overfall problem. In addition, machine learning techniques (Raikar et al., 2004; Pal and
Goel, 2006, 2007; Sharifi et al., 2010), an approach based on the RANS equations with a weaklycurved flow approximation (Bose and Dey, 2007), and the energy principle along with the
Boussinesq approximation for analyzing the solitary wave (Di Nucci and Russo Spena, 2018) were
employed to model the local flow characteristics of the free overfall in open channels. Despite the
aforementioned extensive investigation of the free-overfall problem, little effort has been made to
develop a general-purpose model which is capable of simulating the 2D flow structure by treating
the fixed bed and the free jet portion of the flow as a single curved-flow problem. Some of the
existing higher-order numerical methods (e.g., Castro-Orgaz and Hager, 2011), which consider only
the fixed bed part of the flow, lacked terms that account for the effects of the curvature of the lower
nappe at the brink section. Hence, the results of such methods, especially for the local flow
characteristics at this section, are questionable. As a remedial measure for improving the accuracy
of the methods, an approximate procedure based on the slope and curvature of a parabolic lower
nappe profile was introduced by Jaeger (1948), Marchi (1993), and Matthew (1995).
Recently, Fenton and Zerihun (2007) developed a Boussinesq-type momentum model based on
the assumption of a constant horizontal velocity across a vertical section. Their model gave reliable
solutions to the curvilinear flow problems, especially for the global flow characteristics. For a better
recovery of the necessary flow details over the vertical dimension, this model was extended without
resorting to the lowest-order approximation for the vertical profiles of the horizontal velocity and
streamline geometry parameter (Zerihun, 2021). Such a depth-averaged model incorporates a
higher-order correction for the effects of the vertical curvatures of the streamline, thereby accurately
describing the rapidly-varied flow situations. Therefore, the main objectives of this study are to: (i)
investigate the feasibility of this Boussinesq-type model for a more complicated steady-flow
problem involving dual free surfaces such as a rectangular free overfall; (ii) examine the effect of
the vertical curvatures of the streamline on the solutions of the model; and (iii) demonstrate the
validity of the results of the model by a number of existing experimental data for sub- and supercritical inflow conditions.
Following a brief summary of the derivation of the governing equations, the paper describes the
spatial discretization of the equations using the finite-difference method. The solution procedures
for the resulting non-linear discretized equations are also outlined with reference to the case study.
In Section 3, a brief discussion of the comparison of the numerical results with the experimental
data is presented. Finally, the paper ends with a discussion and conclusions.
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2. NUMERICAL METHODOLOGY
2.1 Governing equations

The longitudinal profile of a rapidly-varied free-surface flow in a rectangular channel is depicted
in Figure 1. Reference is made to a Cartesian coordinate system, where x is horizontal in a
streamwise direction; y is horizontal in the transverse direction; and z is vertically upward. The
dynamic equation for free-surface flow, ignoring lateral flows, can be written as (Fenton and
Zerihun, 2007)

∂Q
∂  Q2
+ β 
∂t
∂x  A

 1 ∂p
fQ 2 Pw
 + ∫ dA +
1 + ζ x2 = 0,
2
8A
 ρ A ∂x

(

)

(1)

where f denotes the Darcy–Weisbach friction coefficient; Q is the discharge; A is the crosssectional area of the flow; ρ is the density of the fluid; p is the pressure; β refers to the
Boussinesq momentum coefficient; Pw is the wetted perimeter; ζ x is the first derivative of the bed
profile; and t is the time.

Figure 1. Definition sketch of a curved free-surface flow, showing the coordinates and variables of the numerical
model. The tangential velocity of the fluid particle is denoted by V.

The Euler equation for the momentum balance in the z -direction is given by
1 ∂p
= −g − az ,
ρ ∂z

(2)

where g is acceleration due to gravity, and a z is the vertical acceleration of the flow. Assuming
that the rates of change of quantities over time are much slower than the apparent acceleration of a
fluid particle following a curvilinear path (Fenton and Zerihun, 2007), the equation for the vertical
acceleration may be written as
az = u

∂w
∂w
u2
+w
=κ
= u 2ξ ,
3
∂x
∂z
cos θ

(3)

32

Y.T. Zerihun

where κ (= 1 / R ) is the curvature of the streamline; R is the radius of curvature; u is the horizontal
velocity; w is the vertical velocity; and θ is the angle of inclination of the streamline with the
horizontal axis. As in Zerihun (2008, 2016, 2017), a linear profile for the vertical distribution of the
streamline geometry parameter, ξ, is assumed as follows:

ξ = ξ b + (ξ s − ξ b )λ ,

(4)

z −ζ
,
η −ζ

λ=

(5)

where η and ζ are the elevations of the free surface and channel bed, respectively; λ is a nondimensional vertical height; and z is the vertical coordinate of a point in the flow field. The
subscripts b and s refer to the magnitudes of the parameter at the channel bed and free surface,
respectively. The variation of the horizontal velocity across the flow depth is also approximated by
a linear relation (Zerihun, 2021) as follows:
u=

q
q
G (ω , λ ) = (2λ (1 − ω ) + ω ),
H
H

β=

1 1 2
1
u (λ )dλ = ω 2 − 2ω + 4 ,
2 ∫
3
U 0

(

(6a)

)

(6b)

where G (ω , λ ) determines the distribution shape of the horizontal component of the velocity; H is
the flow depth; q is the discharge per unit width; U is the depth-averaged velocity; and ω is the
velocity distribution parameter which can be determined from measurements.
Based on Leibnitz’s rule, the integration of the continuity equation for a 2D flow can be written
as
η
∂u
∂w
∂ η

dz
dz
+
=
 ∫ u (z ) dz  + u ( z ) z x − u (η ) η x + ws − w = 0,
∫ ∂x
∫ ∂z
∂x  z
z
z


η

(7)

where the subscript x denotes a partial differentiation with respect to the horizontal axis, and u s
and ws are the free-surface velocity components in the horizontal and vertical directions,
respectively.
By using Equation (6a), the first term on the right-hand side (RHS) of Equation (7) is integrated
and then differentiated with respect to x. After applying the free-surface kinematic boundary
condition, ws = ∂H ∂t + (∂η / ∂x )u s , the resulting expression is simplified to
w=

qη x
∂H
(2 − ω ) − 2qζ x ((1 − ω )(1 − λ ))
1 − ω (1 − λ ) − (1 − ω ) 1 − λ2 +
∂t
H
H
qH x
((1 − λ )ω ) − 2qH x (1 − ω ) 1 − λ2 .
−
H
H

(

(

(

))

(

))

(8)

Substituting Equations (4) and (6a) into Equation (2) and then integrating the resulting
expression from z to η results in the pressure distribution equation of Zerihun (2021), i.e.,
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where B is the width of the channel, and ζ xx is the second derivative of the bed profile. Unlike the
pressure equation of Fenton and Zerihun (2007), the above equation includes a higher-order
dynamic pressure correction that stems from terms accounting for the effects of the vertical
curvatures of the streamline and a non-uniform horizontal velocity distribution. In the case of freesurface flow with negligible curvatures of streamline in a mild-slope channel, Equation (9) reduces
to the well-known hydrostatic pressure equation, which corresponds to the shallow-water theory.
For a 2D flow on a vertical plane, the variation of the free-surface elevation in the transverse
direction is normally insignificant; hence, the pressure is independent of y. By applying Leibnitz’s
rule, the integral of the pressure gradient term in Equation (1) becomes

B ∂ η
1 ∂p
 ∫ p(z ) dz + p(ζ )ζ x − p(η )η x .
A
∂
=
∫
ρ A ∂x
ρ  ∂x ζ


(10)

Using Equation (9) in Equation (10), the first term on the RHS of Equation (10) is integrated and
then differentiated with respect to x. After employing the dynamic boundary condition, p(η ) = 0 , at
the free surface, the resulting expression is substituted into Equation (1) to give the following
equation for flow in a rectangular channel (Zerihun, 2021):
2σ
∂Q  2 σ 1
 Q ∂Q σ 2 Q 2
H xxx
+
+ β
+ ζ xx + 2 H xx 
3
15
∂t  H
 B ∂x 15 B

σ Q2
Q2B 
+ 1
ζ x H xx +  gA − β 2  H x
6 A
A 

+
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2
A  6
3
8
A


(

)

σ 1 = ω 2 − 4ω + 6,

(11b)

σ 2 = 2ω 2 − 9ω + 12,

(11c)

σ 3 = ω 2 − 2ω + 4,

(11d)

where ζ xxx is the third derivative of the bed profile. The non-linear coefficients associated with the
spatial derivative terms of the above equation take into account the effect of a non-uniform
horizontal velocity distribution in addition to the effect of the vertical acceleration of the flow. If the
scope of the study is limited to steady-flow conditions, then by definition
∂A / ∂t = B∂H / ∂t = ∂Q / ∂x = 0 . Using this fact, Equation (11a) simplifies to
σ 2 Q2

σ1 Q2



Q2B 

ζ x H xx +  gA − β 2  H x
15 B
6 A
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2
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(12)
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Equation (12) is a higher-order depth-averaged equation for steady, 2D free-surface flow
problems, where the effects of the non-hydrostatic pressure and non-uniform velocity distributions
are significant. The flow resistance term appearing in this equation is estimated by using the Darcy–
Weisbach equation with an explicit form of the Colebrook–White formula (Zigrang and Sylvester,
1982) for the friction factor. In the case of free-surface flows with a uniform velocity and a
hydrostatic pressure distribution in a constant slope channel, Equation (11a) reduces to the SaintVenant equation. In contrast to the Bose and Dey (2007) equations, the present model is not
restricted to weakly-curved flow situations.
In this study, Equations (6a), (8), (9), and (12) will be employed to obtain detailed descriptions
of the local and global flow characteristics of free overfall in rectangular channels with smooth and
rough beds. In these equations, the unknowns to be solved numerically using a finite-difference
scheme are the velocity and pressure distributions and the depth of flow. The numerical solutions of
the equations will be compared with the measurements in order to determine the validity of the
proposed model for curved-flow problems with dual free surfaces.
2.1.1 Boundary conditions

The numerical solution of the flow problem requires three boundary conditions for the upper
free-surface profile and two boundary conditions for the lower nappe profile to be specified at the
appropriate flow sections. The inflow section of the computational domain is located in a region
where the effect of the vertical curvatures of the streamline is insignificant. Hence, the free-surface
slope, S H , at this section can be computed by using a gradually-varied flow equation,
SH = ηx =

Sf =

(

S0 − S f
1 − βF 2

+ζ x,

)

fq 2 1 + ζ x2
,
8 gRh H 2

(13a)

(13b)

where F is the Froude number; S f is the friction slope; Rh is the hydraulic radius; and S 0 is the
bed slope.
At the brink section, two internal boundary conditions – an atmospheric bed pressure and a
constant bed elevation – are imposed. Besides, the elevation of the lower nappe at outflow section is
specified and remained unchanged during the computations. For the purpose of simulating the freesurface and pressure profiles, the computational domain is discretized into equal size steps in x , as
shown in Figure 2.

Figure 2. Definition sketch and computational domain for the free-overfall problem.
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2.2 Numerical model

Because of its non-linear nature, a closed-form solution cannot be obtained for Equation (12).
This equation includes a third-order spatial derivative term; hence, it requires a third- or higherorder accurate numerical scheme for its solution (Abbott et al., 1978). For the purpose of
discretization, Equation (12) can be rewritten in the following form:
H xxx , j + ξ 0, j H xx , j + ξ1, j H x , j + ξ 2, j = 0,

(14)

where ξ 0, j , ξ1, j and ξ 2, j are the non-linear coefficients associated with the equation. The first,
second, and third spatial derivative terms, which appear in the above equation, are discretized by
using the finite-difference approximations (Bickley, 1941). After simplifying and combining similar
terms together, the resulting expression becomes

(

)
(
(∆x ) ) + H (6 + 6ξ

)
(∆x ) ) = 0,

6ξ 2, j (∆x ) + H j − 2 − 6 + ξ1, j (∆x ) + H j −1 18 + 6ξ 0, j ∆x − 6ξ1, j (∆x )
3

(

2

+ H j − 18 − 12ξ 0, j ∆x + 3ξ1, j

2

j +1

0 , j ∆x + 2ξ 1, j

2

2

(15)

where ∆x is the step size. Since the flow depth at the inflow section ( j = 0 ) is known, the depth at
the imaginary node ( j = −1 ) can be determined from the estimated free-surface slope at j = 0 .
Using the discretized form of Equation (13a) at this section and the expanded form of Equation (15)
at j = 0 , the following implicit finite-difference equation is obtained for predicting the depth at
j = −1 :
H −1 (− 18 + 6ξ 0, 0 ∆x ) − H 0 (12ξ 0, 0 ∆x ) + H 1 (18 + 6ξ 0, 0 ∆x )

(

)

(16)

+ 6 S H − 6∆x + ξ1, 0 (∆x ) + 6ξ 2, 0 (∆x ) = 0.
3

3

To simulate the fixed bed and the free jet portion of the flow together, the elevations of the lower
nappe and the upper free-surface profile of the entire flow region and the bed pressure along the
fixed bed channel are considered as unknowns. For the free jet portion, the pressure at the underside
of the nappe is atmospheric. Using this known condition, the following discretized equation for the
elevation of the lower nappe of the jet, ζ , is obtained from the pressure equation:

(ζ

j −1 − 2ζ j + ζ j +1 ) +

3 gH 2j (∆x )

2

 ω 2 − 4ω + 6

+
q 2 ω 2 − 2ω + 4  2 ω 2 − 2ω + 4

(

)

(

)


(H j −1 − 2 H j + H j +1 ) = 0 .


(17)

For the solution of the lower nappe profile, the elevation of the nappe at the outflow section
(j = m) is specified as a boundary condition. At the junction between the free jet and the fixed bed
(j = Jb), the elevation of this nappe is also known. As noted by Hager (1983), the inclination of the
free-surface profile of the lower nappe at the brink section varies with the Froude number of the
incoming flow. This implies that the jet does not tangentially leave the brink section. Using the
specified internal boundary condition (atmospheric bed pressure), the discretized equation for the
curvature of the upper nappe profile is obtained from the pressure equation as follows:
H j −1 − 2 H j + H j +1

 6 gH 2j (∆x )2
= − 2 2
 q ω − 4ω + 6


(

)

  ω 2 − 2ω + 4 
 − 2
(ζ − 2ζ j + ζ j +1 ); j = J b .
  ω 2 − 4ω + 6  j −1


(18)
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The use of Equation (15) at the outflow section introduces an unknown nodal value external to
the solution domain. Hence, discretizing the derivatives using the backward finite-difference
equations eliminates this problem. Following the same procedure of discretization, the finitedifference equivalent equation for this node becomes

(

)

(

H j − 4 36 + 22ξ 0, j ∆x + 6ξ1, j (∆x ) + H j −3 − 168 − 112ξ 0, j ∆x − 32ξ1, j (∆x )
2

(

)

(

2

)

+ H j − 2 288 + 228ξ 0, j ∆x + 72ξ1, j (∆x ) + H j −1 − 216 − 208ξ 0, j ∆x − 96ξ1, j (∆x )

(

2

)

2

)

(19)

+ H j 60 + 70ξ 0, j ∆x + 50ξ1, j (∆x ) + 24(∆x ) ξ 2, j = 0.
2

3

The above implicit set of non-linear algebraic equations is solved by the Newton–Raphson
iterative method with a numerical Jacobian matrix which proceeds from the assumed initial freesurface positions. First, the initial lower nappe profile is obtained by linearly interpolating the
channel bed elevation at the brink section and the boundary value at the outflow section. The
Bernoulli and continuity equations are then employed to obtain the initial free-surface profile for the
upstream portion of the flow and the upper nappe. Since the curvature of the fixed bed is known,
Equations (15), (16), (18), and (19) with the specified inflow boundary conditions are solved
numerically to simulate the upper free-surface profile. To predict the lower nappe profile, Equation
(17), together with the specified two boundary conditions, is solved using a similar technique. The
convergence of the numerical solutions is assessed based on the relative change in solution criterion
with a convergence tolerance of 10 −6 .
For the numerical solution of the pressure equation, a similar finite-difference formula is inserted
into Equation (9) to discretize its derivative term. The discretized equation is employed to compute
the pressure profiles using the predicted flow depths.

3. APPLICATION TO CURVILINEAR FLOWS
This section examines the application of the proposed model to rectangular free-overfall
problems with super- and sub-critical approach flows by comparing the numerical results with the
experimental data available. For all the test cases considered, the size of the computational steps
was designed to vary between 8 and 20% of the depth of flow at the inflow section. Consequently,
all computational results presented here were free of any numerical errors arising from the effect of
spatial discretization.
As described before, a pre-determined velocity distribution parameter, ω, is necessary in order to
accurately simulate the local flow characteristics of the free-overfall problems. In this study, the
value of this parameter was estimated using the experimental data of Rajaratnam and Muralidhar
(1968). For ω = 0.97, the computed non-dimensional horizontal velocity profile, u / U , showed a
fairly good correlation with the measured data with a mean relative error of 3.8%, as shown in
Figure 3a. Likewise, Figure 3b compares the predicted non-dimensional vertical velocity profiles,
w/Uc (Uc is the critical velocity), with the experimental data. Although the accuracy of the results of
the model was slightly deteriorated at the brink section, the predicted profiles correlated reasonably
well with the measured data. Overall, the profiles of the horizontal and vertical velocities across the
flow depth were satisfactorily simulated by the proposed velocity distribution equations. Based on
the calibration result, the ω values of 0.97 and 1.15 were used for the flow regions upstream and
downstream of the brink section, respectively, to simulate the 2D curvilinear flows.
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Figure 3. Velocity field of the rectangular free overfall with a subcritical approach flow: (a) horizontal velocity
distribution; and (b) vertical velocity distribution.

3.1 Model results for a smooth bed channel
3.1.1 Supercritical approach flow
Figure 4 shows the comparison of the predicted upper free-surface and lower nappe profiles with
the experimental data of Rajaratnam and Muralidhar (1968) and Marchi (1993). In this figure, the
dimensionless free-surface elevation, η/Hc (Hc is the critical depth), is shown versus the normalized
distance from the brink, x/Hc. Upstream of the free overfall, the agreement between the results of
the model and the experimental data was remarkable, with a maximum relative error of less than
1%. The result of the simulation for the lower nappe profile also agreed well with Marchi’s (1993)
measured data, as shown in Figure 4a. Since the control section for the supercritical flow is at the
upstream end, the significance of the brink depth is completely different from the case of a
subcritical approach flow, and its value depends on the Froude number of the incoming flow and
bed slope (Rajaratnam and Muralidhar, 1968). In this case, the discharge can be estimated from the
measurement of brink depth and knowledge of bed slope and channel roughness.

Figure 4. Comparison of predicted and measured free-surface profiles for a rectangular free overfall: (a) horizontal
channel; and (b) mild-slope channel.

3.1.2 Subcritical approach flow
The computed free-surface profiles for a subcritical approach flow are compared with the
experimental data in Figures 5 and 6. Upstream of the brink section, the results of the model were in
good agreement with the experimental data for all flow rates. Furthermore, the result of the model
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for the lower nappe profile of the jet corresponded well with the measured data (see Figure 5). This
numerical experiment indicates that the present model is capable of accurately simulating the freeoverfall problem with a subcritical inflow condition irrespective of the degree of the vertical
curvatures of the streamline. For a subcritical inflow condition, the brink depth, Hb, is an important
parameter for estimating the flow rate. This depth is influenced by both the slope and bed
roughness, with roughness having a greater effect at steeper slopes (Davis et al., 1998). As can be
seen from Figure 7, the brink depth was satisfactorily predicted, with a mean relative error of 2.5%.

Figure 5. Free-surface profiles for free overfall with a subcritical inflow condition. The numerical results are compared
with the experimental data of Marchi (1993).

Figure 6. Free-surface profiles for free overfall with a subcritical inflow condition. The experimental data of
Rajaratnam and Muralidhar (1968) and Rouse (1933) are used to validate the numerical results in (a) and (b),
respectively.

Figure 7. Comparison of the computed brink depth with the experimental data of Rouse (1932, 1933), Rajaratnam and
Muralidhar (1968), and Rajaratnam et al. (1976).
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Figure 8 shows the bed-pressure profile upstream of the brink section. In this figure, the nondimensional bed pressure at any section, pb / γHc (pb is the bed pressure, γ is the unit weight of the
fluid), is shown versus the normalized distance from the brink, x / Hc. As can be seen, the predicted
result compared well with the experimental data. The maximum relative error in the numerical
result of the model was about 3%. As expected, the result demonstrates the strong dependence of
the bed-pressure distribution on the dynamic effects of the flow due to streamline curvilinearity.

Figure 8. Bed-pressure profile for free overfall with a subcritical inflow condition. The numerical result is compared
with the experimental data of Rouse (1932).

Figure 9 shows the computed and measured non-dimensional pressure profiles, p / p 0 ( p is the
pressure at a point in the flow field, p 0 is the hydrostatic pressure at the bed), versus the
dimensionless vertical height above the bed, λ , at various sections upstream of the overfall. It can
be seen from this figure that the result of the model for the pressure distribution at the brink section
was satisfactory and followed a similar pattern to the observed values. Similar model performance
results can be seen at vertical sections x / Hc = – 0.56, x / Hc = – 1.11, and x / Hc = – 1.67 to the left
of the brink section, where the vertical curvatures of the streamline are moderate. As the upstream
distance from the brink section increases, the influence of the curvature of the streamline becomes
insignificant. Consequently, the pressure distribution gradually approaches hydrostatic (see Figure
9). The above validation results for super- and sub-critical approach flows showed that the present
model accurately simulated the transition between hydrostatic and non-hydrostatic flow regimes.

Figure 9. Comparison of the computed results for the vertical profile of the pressure with the experimental data of
Rajaratnam and Muralidhar (1968).
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Rajaratnam et al. (1976) conducted a number of experiments for free overfall in a rectangular
channel with different values of discharge and bed roughness. The experiment with a flow of
1454.9 cm2/s and bed roughness simulated using a 3.4 mm diameter wire screen (a mesh size of
9.6 mm) was chosen to validate the results of the model. The Darcy–Weisbach friction coefficient
for the rough bed was predicted based on the suggested equivalent roughness height of 11.9 mm
and was taken as constant throughout the computational domain of the fixed bed channel.
For the subcritical approach flow, the simulated free-surface profile is compared with the
experimental data in Figure 10. The model accurately predicted the free-surface elevations near the
brink section where the streamlines have steep slope and pronounced curvature. Upstream of this
section, the numerical solution of the model agreed well with the experimental result. In general, the
overall qualities of the result of the model were satisfactory.

Figure 10. Free-surface profile for a rectangular free overfall in a rough bed channel.

4. DISCUSSION
Previous studies (e.g., Matthew, 1995; Khan, 1999; Di Nucci and Russo Spena, 2018; Zerihun,
2004, 2021) demonstrated that the Boussinesq-type equations can provide reasonably accurate
solutions to the problems of free-surface flow with strong curvilinear effects. Depending on the
methods of the derivation, these equations incorporate different degrees of approximation for the
effects of the vertical curvatures of the streamline. The numerical solutions of such types of nonlinear equations generally require the specification of appropriate boundary conditions with a
mathematical treatment of the discontinuity problem of the bottom profile. The aim of this
treatment is to smooth out the discontinuity, so that physically unrealistic simulation results such as
high pressure spikes at a break in bottom slope can be easily eliminated. Without applying short
transition curves at the corners, Castro-Orgaz and Hager (2019, pp. 456-457) numerically solved the
weir flow problem. They obtained results that look like the bed-pressure distribution of a flow
separated from the weir bottom (see Zerihun, 2020). The accuracy of these results, however,
suffered from the assigned arbitrary values of the bottom geometry parameters at the corner nodes.
The overall validation results of the present numerical model highlighted the importance of the
above numerical technique for accurately modeling the problem of free overfall in rectangular
channels with smooth and rough beds. Improper implementation of the numerical procedures may
result in deceptive numerical results, especially for the local flow characteristics of the highly
curvilinear flow problem (also see Montes, 1994; Di Nucci and Russo Spena, 2011). As noted by
Zerihun (2004), the order of approximation for the effects of the streamline curvature has only a
marginal impact on the predictions of the free-surface and bed-pressure profiles. In contrast, the
numerical results of the velocity and pressure distributions are very sensitive to the level of
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approximation which has been maintained for such effects. This investigation also reveals that the
2D structure of the curvilinear flow field can be adequately described by considering not only the
effect of the free-surface curvature but also the effect of the bottom curvature. Such a modeling
approach does not make the practical applications of the Boussinesq-type equations mathematically
cumbersome.

5. CONCLUSIONS
A numerical investigation was carried out to assess the suitability of a depth-averaged
Boussinesq-type model for complex open-channel flow problems with dual free surfaces such as
rectangular free overfalls in smooth and rough bed channels. In comparison with earlier works, the
proposed model includes a higher-order dynamic pressure correction that arises not only from the
applied non-uniform velocity distribution but also from terms accounting for the effects of the
vertical curvatures of the streamline. A finite-difference method was employed to discretize the
model equations. As direct solutions for the free-surface profile cannot be obtained owing to an
implicit form of the discretized equations, the Newton–Raphson iterative method with a numerical
Jacobian matrix was used to solve the resulting non-linear algebraic equations. The predictions of
the model were then compared with the experimental data for free overfalls with super- and subcritical approach flows.
For all the test cases, the results of the validation showed good correlation between the numerical
results and the experimental data for free-surface and bed-pressure profiles and distributions of
velocity and pressure, thereby demonstrating the validity of the proposed model for a nonhydrostatic flow with dual free surfaces. The satisfactory performance of the present model in these
test cases may be attributed to the higher-order dynamic pressure correction implicitly incorporated
in the model. By treating the fixed bed and the free jet portion of the flow as a single curved-flow
problem, the numerical scheme accounted for the effects of the curvature of the lower nappe
throughout the computational domain and overcame the drawbacks of the existing methods which
consider only the fixed bed part of the flow. The results of this study highlighted the reliability of
the current computational scheme for developing a discharge rating curve (brink-depth-discharge
relationships) for a laterally-guided free overfall with a subcritical approach flow.
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