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Abstract:  For several decades, physical model tests have been extensively employed to investigate the important features of 

self-aerated flow in an open channel. The results of such tests, however, have limitations to their applicability, 

depending on the scope of the tests on which they are based. Herein, a mixture flow model, which incorporates a 

coupled set of depth-averaged Boussinesq-type and air transport equations, was developed and applied to analyze the 

problems of self-aerated flow. These governing equations were discretized and solved by a hybrid scheme that applies 

the finite-volume and finite-difference methods. The credibility of the proposed model for solving such types of 

turbulent flow problems was examined using results from the experiments. A quite satisfactory agreement was found. 

Despite the complex three-dimensional character of the flow, the dynamic behavior of air-water interactions was 

favorably captured. Overall, the results of this study confirm the model’s validity in predicting the mean flow features 

of the self-aerated flow. 
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1. INTRODUCTION 

High-velocity flows in open channels are normally aerated at the free surface, transforming 

incompressible clear-water flows into compressible air-water mixture flows. A typical example of 

aerated flow is an open-channel bubbly flow, where air is entrained and carried along with the water 

in the form of bubbles of different sizes (Wilhelms and Gulliver, 2005). Flow aeration may cause 

bulking of flow (Hall, 1943; Falvey, 1980) and reduction of flow resistance (Jevdjevich and Levin, 

1953; Wood, 1983). As noted by Killen (1968), the existence of air bubbles does not change the 

typical velocity distribution of a supercritical open-channel flow. In engineering practice, self-

aerated flows are commonly encountered along the spillway chute and an energy dissipator (refer to 

Figure 1). Given the large computational domains involved in analyzing the problems of flows over 

such structures, the application of eddy resolving modeling techniques is not viable. Consequently, 

a numerical simulation approach based on the Reynolds-averaged Navier-Stokes (RANS) equations 

is commonly applied to aid in the design of these types of river infrastructures. Such higher-order 

equations can capture the realistic flow behavior of two-dimensional (2D) and three-dimensional 

(3D) problems of air-water flows. In this study, the depth-averaged RANS equations are integrated 

with an air entrainment module to develop a non-hydrostatic two-phase flow model. 

The flow fields of self-aerated open-channel flow have been experimentally studied by numerous 

investigators. Straub and Anderson (1960) systematically investigated the salient features of the 

aerated supercritical flow in the uniform flow region of an artificially roughened chute. They also 

examined the shape of the air concentration distribution at a vertical section. Since then, several 

studies explored the turbulent characteristics of the aerated flow including the turbulence intensities, 

the bubbly two-phase flow regime, and the structure of the flow field (e.g., Killen, 1968; Chanson 

and Toombes, 2002; Boes and Hager, 2003a; Ohtsu et al., 2004; Wilhelms and Gulliver, 2005; 

Kramer et al., 2006; Felder and Chanson, 2009; Pfister and Hager, 2011; Estrella et al., 2022). 

Besides, Wood (1983) and Hager (1991) analyzed the experimental data obtained by Straub and 
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Anderson; they proposed empirical equations to predict the air concentration in the uniform aerated 

flow zone. All these experimental studies shed light on the understanding of the physical processes 

of air-water flows. 

 

Figure 1. Aerated flows in hydraulic structures: (a) flow over the emergency spillway of the Grand Ethiopian 

Renaissance Dam; and (b) water jets from the spillway of the Gibe III Dam, Ethiopia (Photographs courtesy of Studio 

Pietrangeli Consulting Engineers, Italy). 

A computational model capable of accurately predicting the 2D characteristics of air-water flow 

plays a vital role for developing a strategy to prevent the potential of cavitation erosion. Over the 

past few years, several types of two-phase flow models have been developed to solve the turbulent 

mixture flow problems. The hydrodynamic part of these models adopts the RANS equations 

together with a mixture flow or a two-fluid flow modeling approach. As discussed by Ishii and 

Hibiki (2011, p. 155), the latter approach is more complicated than the former one in terms of the 

number of field equations involved. Yan and Che (2010) presented a model for analyzing two-phase 

flow problems, in which both small and large length scale interfaces are coexisted. They proposed a 

numerical treatment based on the volume fraction redistribution approach to deal with the complex 

flow problems. By considering the local turbulent kinetic energy near the interface and the velocity 

gradient normal to the free surface, Ma et al. (2011) introduced a sub-grid air entrainment module 

and coupled it with the Reynolds averaged two-fluid equations. The accuracy of the proposed 

model was tested by simulating plunging jets and hydraulic jumps, resulting in a good agreement 

with the experimental results. An air entrainment module, which relies on the interaction of vortices 

with a free surface, was also introduced by Castro et al. (2016). They applied a linear superposition 

method to evaluate the total rate of air entrainment from the contributions of each vortex. Using an 

analogous mathematical approach to Ma et al., Lopes et al. (2017) proposed a sub-grid module 

based on an advection-diffusion equation and implemented it into the OpenFOAM software. For 

aerated flow over a stepped spillway, they examined the model’s performance and obtained a 

satisfactory result. However, the effectiveness of such types of numerical models is largely 

determined by the method used for coupling the bubble transport module with the interface 

capturing technique for the free surface. Based on the balance of the effects of turbulence, gravity, 

and surface tension, an air entrainment module was also developed and incorporated into the 

FLOW-3D software (Hirt, 2003; Souders and Hirt, 2004). Recently, this software package was used 

to analyze different types of self-aerated flow problems (e.g., Valero and García-Bartual, 2016; 

Morovati and Eghbalzadeh, 2018). Under the framework of the RANS equations, Zabaleta et al. 

(2023) proposed a numerical model for analyzing such types of flow problems. A three-phase 

mixture approach made of a continuous air, bubble, and water phases was adopted by this model. 

For engineering problems with an extensive computational domain, however, it is computationally 

intensive to compute the local aerated flow parameters and variations of free-surface profile using 
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the aforesaid models. Consequently, many numerical studies (e.g., Olsen and Kjellesvig, 1998; 

Chanel and Doering, 2008; Kirkgoz et al., 2009; Ho and Riddette, 2010) aimed to merely examine 

the global flow characteristics of single-phase flows over spillway chutes. In contrast, few studies 

considered the effects of air entrainment when analyzing the dynamic characteristics of chute flows 

(Valero and García-Bartual, 2016; Almeland et al., 2021; Hohermuth et al., 2021). Despite the 

numerous experimental investigations conducted, little attention has been paid to studying turbulent 

aerated flow using a RANS equations-based model. As far as the author is aware, a non-hydrostatic 

depth-averaged mixture flow model has not been previously introduced to simulate the mean flow 

characteristics of this type of plane open-channel flow. 

In light of the aforementioned reasons, it appears that there is a need to develop a general-

purpose numerical model for systematically investigating the problems of self-aerated open-channel 

flow by treating the flow as a homogeneous water-bubble mixture flow up to a depth at which the 

air concentration reaches 90%. Therefore, this study primarily aims at developing a non-hydrostatic 

mixture flow model by coupling the depth-averaged Boussinesq-type equations (Zerihun, 2024) 

with a depth-averaged air transport equation. The equation governing air transport includes a source 

term to assess the self-aeration process. Such a mixture flow model has the capacity to predict the 

mean and bottom air concentrations as well as the local flow characteristics, and it obviates the 

drawbacks of the existing higher-order, depth-averaged models for single-phase flows. These 

models under-predict the axial free-surface profile of a free hydraulic jump partly due to the 

absence of a correction factor that accounts for the effects of flow bulking (Zerihun, 2021). 

Compared to a 3D or a computational fluid dynamics model, it is considerably easier to implement 

and needs much less computational efforts to obtain converged solutions after calibration, thus 

making it as a preferable design tool for developing or modifying the conceptual design of an 

energy dissipator or a smooth spillway. It is also aimed at conducting numerical tests to examine the 

effects of air entrainment on the local flow characteristics and to evaluate the model’s validity for 

self-aerated flow problems. It is worth emphasizing that the bubble breakup and coalescence 

processes are not considered in this study. These competing processes directly affect the results of 

the mean air concentration for a highly turbulent flow. Consideration of the resulting minor errors is 

however ignored. The following sections will provide concise overviews of the formulation of the 

governing equations and the numerical solution procedures, along with an in-depth description of 

the validations of the model results with the measurements. 

2. DEPTH-AVERAGED MATHEMATICAL MODEL 

2.1 Governing equations 

A 2D open-channel, air-water flow over a rigid bed is considered, as depicted in Figure 2. A 

Cartesian coordinate system, with the x -axis in the main downstream direction, y -axis in the 

transverse direction, and the z -axis oriented vertically, is also shown in this figure. For two-phase 

flow in a rectangular channel, the modified version of the depth-averaged Boussinesq-type 

equations (Zerihun, 2024) reads as follows: 
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where b  is the bed shear stress; x  and zx  are the depth-averaged normal and tangential stresses, 

respectively; q  is the unit discharge; H  is the mixture flow depth; Z  is the channel bed elevation; 

g  is acceleration due to gravity;   is the density of the air-water mixture; t  is the time; Dp  is the 

dynamic pressure at the channel bed; ( ) 3/422

1 +−=  ; ( ) 6/642

2 +−=  ; ( ) 6/23 +=  ; 

and ( ) 6/44  −= . The turbulent stresses appearing in the preceding equations are evaluated using 

a depth-averaged turbulence closure model. This model will be presented in the following section. 

 

Figure 2. Schematic representation of turbulent, air-water open-channel flow. rF  stands for the Froude number of the 

flow. 

The distributions of the Cartesian velocity components across the flow depth are described by 

the following equations: 
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where u  and w  are the velocity components in the x - and z -directions, respectively;   is a 

velocity distribution parameter;   is a dimensionless vertical coordinate; z  is the vertical elevation 

of a point in the flow field; and   is the free-surface elevation. 

The density of the mixture flow may vary along the flow direction, but it is presumed to be 

constant at a section. Based on volumetric concentration, it is expressed as 
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( ) ,1 mamw CC  +−=  (5) 

where the subscripts w  and a  stand for water and air, respectively, and mC  is the mean air 

concentration. In the proposed model, the effect of air transport phenomenon is considered by using 

the density and dynamic viscosity of the mixture flow. The bed shear stress is determined by the 

Gauckler–Manning equation as follows: 
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where mn  is the Gauckler–Manning roughness coefficient, and HR  is the hydraulic radius with the 

wetted perimeter evaluated based on a cross-sectional plane normal to the bed. As described before, 

self-aeration causes flow resistance reduction which can be estimated by an empirical equation 

(Chanson, 1994; Boes and Hager, 2003b). 

The pressure distribution at a vertical section is given by 

( )( ),1 −+= DpgHp   (7) 

where p  is the sum of the static and dynamic pressure components. Similar to the equations of 

Zerihun (2016), the proposed equations incorporate the effects of the steep slope of a channel. It is 

important to highlight that the proposed depth-averaged model provides approximate solutions to 

the 3D mixture flow problems by ignoring the effects of the variations of the parameters in the 

transverse direction. Consequently, the mean free-surface and bed pressure profiles along the 

centerline of the channel, as well as the local flow characteristics at various sections of the channel, 

can be simulated. 

2.2 Turbulence closure model 

Using the Boussinesq (1877) equation, the following expressions for the depth-averaged normal 

and tangential stresses are obtained by ignoring the effects of air concentration: 
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where   and  k  are the depth-averaged eddy viscosity and turbulent kinetic energy, respectively, 

and   is the molecular dynamic viscosity of the mixture flow. These expressions for the turbulent 

stresses are numerically combined with the governing equations. Numerous turbulence models for 

analyzing open-channel flow are introduced in the past. Here, the depth-averaged form of the 

standard −k  turbulence model (Jones and Launder, 1972) is applied. In this model, the eddy 

viscosity is reckoned from the following expression: 
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where 09.0=C , and   is the turbulent kinetic energy dissipation rate. For complex aerated flows, 

the depth-averaged turbulence closure model balances the need for accurate prediction of the 

variation of the turbulence intensity field with computational efficiency. Additionally, it can 

approximate the anisotropic turbulence condition by relating Reynolds stresses to mean velocity 

gradients using average values of relevant flow parameters.  

The turbulence variables are determined by modifying the depth-averaged −k  turbulence 

model of Rastogi and Rodi (1978) for a 2D flow problem in the vertical plane. The resulting 

expressions are as follows: 
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where 
U  is the boundary shear velocity; 

3/12 / HgnC mf = ; and ( )HqU /=  is the depth-averaged 

horizontal velocity. The standard values of the closure coefficients are: 44.11 =C ; 92.12 =C ; 

0.1=k ; and 30.1= . For completely solving the problems of turbulent flow with air 

entrainment, Equations (8)-(11g) are combined with Equations (2) and (3). 

2.3 Equations for modeling entrainment of air 

2.3.1 Air transport equation 

The temporal and spatial variability of air concentration is governed by the advection-diffusion 

equation. In comparison with the z -direction diffusive transport, the diffusive transport in the x -

direction is small and can be ignored. For a 2D vertical plane flow, the air transport equation reads 

as (Ishii and Hibiki, 2011, p. 103) 



Water Utility Journal (2026) 35:1 Page 7 of 20 

( ) ( ) ( ) ,0=−















−




+




+




+




saB R

z

c

z
cw

z
wc

z
uc

xt

c
  (12) 

where c  is the air concentration; Bw  is the bubble rise velocity in the z -direction; and sR  is the 

source or sink term. The vertical air bubble diffusion coefficient, denoted as a , is approximated by 

the following depth-averaged eddy-viscosity coefficient equation: 

,HKUa  =  (13) 

where 6/1= , and K  is the von Kármán constant. By performing vertical integration and applying 

the Leibnitz integral rule and kinematic boundary conditions, the following depth-averaged air 

transport equation is obtained from Equation (12) assuming a constant air density: 
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where 1  and 2  are empirical coefficients for including the effects of turbulent diffusion and a 

non-uniform air concentration distribution. In this equation, the parameters averaged over the depth 

are denoted by an overbar. The equation for the bubble rise velocity in a non-hydrostatic flow 

condition (Rutschmann et al., 1986) is simplified by setting 0/ wa  , as in Chanson (2013). 

Using Equation (7) in the derived expression results in 
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where 0Bw  is the rising velocity of a bubble in still water and can be determined by using empirical 

equations and/or design charts (see Haberman and Morton, 1953; Comolet, 1979). For an air-water 

flow with a streamwise velocity, the effect of a bubble cloud on the bubble rise velocity of a solitary 

bubble is likely insignificant (Kobus, 1991); thus, it is ignored here. 

2.3.2 Flux of entrained air 

The source term in Equation (14), which pertains to air entrainment occurring at the free surface, 

can be estimated by the following equations (Hirt, 2003; Souders and Hirt, 2004): 
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where tL  is the turbulent length scale; tE  is the turbulent energy; dE  is the energy of gravity and 

surface tension; s  is the surface tension; 0845.0=lC ; aK  is a proportionality coefficient; and ng  

is the normal component of the gravitational acceleration at the free surface. The evaluation of the 

above equations requires the estimation of the turbulence parameters and the mean air 

concentration. When the critical condition dt EE   is met, air is drawn into the flow at the free 

surface. Following the Ma et al. (2011) approach, the entrained air is dispersed as a volumetric 

source within a layer of thickness H  located near the rough free surface where the air cavities are 

generated. The value of H  can be estimated by considering some characteristic length scale of the 

flow problem. 

When air is entrained, the air concentration at the air-water interface must be equal to 90%. If it 

exceeds this limit, then the process of deaeration will be implemented by applying a constraint on 

the source term as follows: 
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where maxC  is the maximum value of the mean air concentration which can be estimated from the 

results of the experimental investigations, and *mC  is the mean air concentration at the preceding 

time level. The above procedure regulates the air concentration at the air-water interface. 

3. NUMERICAL SCHEME 

Numerical solutions for the governing equations are obtained by using a hybrid numerical 

scheme that employs the finite-volume and finite-difference methods. The scheme applies the 

finite-volume method to the conservative form of the equations, and the derivatives in the source 

terms are discretized by the finite-difference equations. The following sections will outline the key 

steps involved in the development of the scheme, namely the procedure for calculating flux, the 

predictor-corrector approach for time stepping, and the implicit numerical technique. For additional 

information concerning the numerical scheme, see Zerihun (2024). 

3.1 Numerical flux computation 

The governing equations of this study may be written in a vector form as 
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where U , ( )UF , and S  are vectors of the unknown conserved variables, fluxes, and source terms, 

respectively, and are given by 
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Integrating Equation (18) over a control volume in the tx −  plane (Hirsch, 2007, p. 208) and 

discretizing the resulting expression using Euler’s time-stepping scheme yields the following 

equation: 
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where x  is the spatial step size in the x -direction; i  is a computational point index; t  is the time 

step; N  stands for the current time level; and ( ) 2/1iUF  are the numerical fluxes through the cell 

interfaces at 2/1−i  and 2/1+i . For the purpose of obtaining data relevant to the multi-step time 

integration scheme at the time levels 1 and 2, Equation (20) is solved numerically by explicit and 

implicit methods. 

Before estimating the numerical fluxes, the conserved variables on the cell interfaces are 

reconstructed using the total variation-diminishing version of a fourth-order monotone upstream-

centered scheme for the conservation laws (MUSCL-TVD), which was introduced by Yamamoto 

and Daiguji (1993). In the scheme, two-step limiter functions are adopted to suppress numerical 

oscillations and maintain monotonicity near shocks. Moreover, the weighted surface-depth gradient 

method (Aureli et al., 2008) is applied to compute the flow depths at the cell interfaces, averting the 

prevalence of numerical instability due to a discontinuous bed profile or steep bed gradient. This 

method computes a weighted mean of the values derived from the depth-gradient and surface-

gradient methods and overcomes the limitations of these methods. The Harten-Lax-van Leer (HLL) 

approximate Riemann solver (Harten et al., 1983) is also applied to compute the numerical fluxes at 

the cell interfaces using the reconstructed values from the neighboring cells. As suggested by 

LeVeque (2004, pp. 129-130), ghost cells at the upstream and downstream ends of the 

computational domain are incorporated to obtain complete solutions for the unknown variables. 

Using an extrapolation method, the values of the variables at these cells are estimated from the 

interior cell values. 

3.2 Time integration and solution methods 

The time integration process is carried out in two steps utilizing a finite-difference predictor-

corrector scheme (Bashforth and Adams, 1883). In the predictor step, the time derivative term in 

Equation (18) is discretized using the third-order accurate scheme. The resulting equation can be 

expressed as 
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where index P  refers to the predictor step, and the superscripts 1−N  and 2−N  denote the 

previous time levels. In this step, i  is determined by employing the known values of the variables 

in Equation (21b). 

In the corrector step, the time integration is carried out by applying the fourth-order Adams–

Moulton scheme with the predicted and known cell-averaged values. Using the scheme originally 

proposed by Adams (Bashforth and Adams, 1883), Equation (18) is discretized to yield 
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where index C  stands for the corrector step. Likewise, P

i  is evaluated using the values of the 

conserved variables from the predictor step. Because of their weak non-linear coefficients, the 

equations of continuity, air transport, and turbulence model are solved explicitly at all the time 

levels. For accuracy and numerical stability purposes, however, the depth-averaged momentum 

equations are solved implicitly for the unknown variables q  and Dp  at the predictor and corrector 

steps. Using Equations (21a) and (21c) and the finite-difference equations (Bickley, 1941) for the 
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derivatives in the source terms, these dynamic equations are discretized in both steps of the 

computation. The various terms of the resulting equations are evaluated using the known values of 

the conserved variables from the previous time levels. This results in a system of non-linear 

algebraic equations, which can be expressed in a general form by 

,51,1,4,,31,1,2

1

,1  =+++ −−++

+ N

iDi

N

iDi

N

iDi
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where 521 ,...,,   are the coefficients of the discretized equations. Such implicit sets of equations, 

along with the implemented boundary conditions, were iteratively solved at both steps of the 

computation. The equations are first reduced to a linear form by the Newton–Raphson method with 

numerical Jacobian matrices and then solved using the direct solution method of LU decomposition, 

as was previously done by Zerihun (2017a, 2019). The final results of the applications of the 

explicit and implicit methods are the cell-averaged values of the conserved variables at different 

time levels. 

4. MODEL VALIDATION AND DISCUSSION 

4.1 Test cases and experimental data 

In the next sections, the feasibility of the proposed model is examined by simulating two 

different types of self-aerated flows in open channels. These are: (i) a free hydraulic jump with a 

non-aerated approach flow; and (ii) a turbulent flow over a smooth (planar bed) spillway chute. 

Such steady, open-channel flow problems were solved herein as unsteady flow problems by using 

time as an iterative parameter until the steady-state solutions were achieved. The convergence of the 

solutions of the numerical model was rigorously examined for various values of spatial step size 

and time step. For accurately modeling the local flow characteristics of the problems, a step size, 

which is smaller than 25% of the flow depth at the upstream end section, was employed. For step 

size coarser than this threshold value, the results were in less agreement with the experimental data. 

Additionally, a numerical stability criterion based on the Courant–Friedrichs–Lewy (CFL) 

condition was applied to control the time step size, with a CFL value between 0.1 and 0.45 to 

achieve stable and reliable results. 

An extensive dataset of experimental results was sourced from the literature to calibrate and 

assess the model's performance. The experiments were conducted in the laboratory flumes for 

discharges between 35.8 and 630 L/s/m and covered various experimental conditions, with inflow 

Froude numbers varying from 3.8 to 15.5 and approaching Reynolds numbers ranging from 
51035.0   to 510370 . Besides, field data (Wood et al., 1983) were employed to corroborate some 

of the numerical results. The chosen data were devoid of size-scale influences attributed to surface 

tension and viscosity. 

4.2 Boundary and initial conditions 

The numerical solutions of the mixture flow problems using the preceding governing equations 

require the specification of six external boundary conditions. These conditions can be imposed 

solely at the inflow section or at both the inflow and outflow sections. For all test cases, the flow 

depth, discharge, mean air concentration, and dynamic bed pressure were specified at the inflow 

section. In addition, the turbulence variables ( k  and  ) at this section were approximated for a 

rough estimate of the eddy viscosity (Ferziger and Peric, 2002, p. 300). Only for the hydraulic jump 

test case, a constant subcritical flow depth was imposed at the outflow section to allow the jump to 

take place. The prescribed boundary values remained unaltered throughout the numerical 
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computations. The flow at 0=t  s was assumed to be a supercritical uniform flow ( 0=Dp ) with a 

flow depth equal to the boundary inflow value. For the case of an initial dry-bed condition, a flow 

depth of 1 mm was set to avoid undesirable numerical instability. 

4.3 Free hydraulic jump 

The free hydraulic jump is a transitional open-channel flow from a supercritical to a subcritical 

state. It is distinguished by a rapid rise in free-surface elevation and is usually accompanied by 

strong turbulence and air entrainment. The model’s ability for accurately simulating these 

characteristics is examined here by treating the jump as a 2D vertical plane flow. The results of the 

model for the mean free-surface profile along the centerline of the channel were compared with 

various experimental datasets (Schröder, 1963; Hager, 1993; Wang, 2014). Figure 3a shows the 

normalized free-surface profiles  ( ( ) ( )121 / HHHH −−= , where 1H  and 2H  are the sequent 

depths at the upstream and downstream ends of the jump, respectively) versus the normalized 

horizontal distance  ( RLx /= , where RL  is the length of the roller) for free jumps with the 

approaching Froude numbers ( 0rF ) varying from 3.8 to 8.5. The profiles exhibit self-similarity, as 

previously noted by Schröder (1963). It is evident that the jump roller length and the key 

characteristics of the free-surface profile were predicted reasonably well by the model. The 

predicted profile for 5.70 =rF  shows a monotonically rising free-surface level, and its slope changes 

from a steep to a mild near the end of the roller flow zone. In the supercritical flow region near the 

toe of the jump, however, the elevation of the free surface was slightly overestimated. This is 

probably due to the minor difference between the experimental and numerical results for the mean 

location of the toe of the jump. A short distance further downstream, the correlation between the 

numerical results and the experimental data was deemed satisfactory, demonstrating the model’s 

capacity for handling the effects of streamline curvature and two-phase flow features. As depicted 

in Figure 3b, the computed mean air concentration favorably agreed with the measurements and 

followed the general trend of the observed data. 

 

Figure 3. (a) Non-dimensional free-surface profile; and (b) streamwise variation of the mean air concentration ( )ΧCm  

for the considered range of 0rF  values. 

Similar to the previous test case, the free-surface elevation of the free hydraulic jump with 

1.50 =rF  was satisfactorily predicted by the model, as shown in Figure 4a. Furthermore, its 

pressure distributions at various sections downstream of the toe of the jump are depicted in Figure 
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4b. In this figure, the non-dimensional pressure, 1/ Hp w , is plotted as a function of 1/ Hz ; where 

w  is the unit weight of water. With an increase in distance from the toe of the jump, the 

significance of the effects of streamline curvature and air concentration diminishes. It is evident 

from Figure 4b that for this flow situation, the bottom pressure varies from 70 to 85% of the 

corresponding static pressure. As expected, the results demonstrate the strong dependence of the 

pressure field on the dynamic effects of the air-water mixture flow for a jump with 50 rF . This 

conclusion is in agreement with that of McCorquodale and Khalifa (1983). 

 

Figure 4. Comparison of the free-surface and pressure profiles of a free hydraulic jump with the experimental data of 

Schröder (1963) for 241=q  L/s/m. The pressure distributions at various sections are shown in (b). 

4.4 Turbulent rough flow along a smooth spillway chute 

Self-aerated open-channel flow along the spillway chute is divided into three distinct regions. 

According to Wood (1983), these regions are a non-aerated approach zone, a gradually-varied 

aerated flow zone, and a uniform aerated flow zone (illustrated in Figure 5). The tasks of modeling 

this flow involve identification of the point of incipient aeration and simulation of the aerated flow 

in the zones immediately downstream of this point. The preceding model, which was formulated for 

fully developed turbulent flow, is not applicable to analyze flow in non-aerated zone. By applying 

the momentum principle in the main flow and boundary-layer regions, this developing turbulent 

flow was previously investigated by Iwasa (1957). He also verified the numerical results by 

comparing them with the experimental data related to this type of flow in a hydraulically smooth 

channel. In this study, an accurate module is developed to simulate both the free-surface and 

boundary-layer profiles and is integrated with the proposed model. In practice, these profiles are 

used to determine the location of the inception point of free-surface aeration (Lane, 1939; Bauer, 

1951). 

 

Figure 5. Flow regions along the spillway chute. GVF refers to gradually-varied flow for an aerated open-channel 

flow. 
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4.4.1 Location of incipient aeration 

In a developing turbulent flow problem, the free-surface profile is computed by taking into 

account the boundary-layer development. For this non-aerated flow problem, the flow profile 

equation, which comprises the flow depth and the boundary-layer displacement thickness, was 

derived here by vertically integrating the momentum equation in the x -direction (for details, see the 

Appendix). The resulting equation reads: 
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where   is the chute slope, and *  stands for the boundary-layer displacement thickness whose 

value is not very sensitive to the choice of velocity distribution profile (Montes, 1998, p. 600). 

Using the momentum principle (Iwasa, 1957) and potential-flow approach (Silberman, 1980), they 

previously proposed an equation structurally similar to this equation. The complete numerical 

solution of Equation (23) requires two additional closure relations. Using the wall-wake law for the 

velocity profile in the turbulent boundary layer, the approximate expression for the displacement 

thickness is (White, 1991, p. 420) 
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where   is the Coles wake parameter whose value can be estimated by analyzing velocity data or 

by using an empirical equation (Kironoto and Graf, 1995); eU  is the velocity at the edge of the 

boundary layer; and   is the boundary-layer thickness. For chute slopes varying between 20 and 

60º, the profile of this layer can be determined by the following empirical equation: 
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where ( )cHY /cos=  is the relative boundary-layer thickness normal to the bed; cH  is the critical 

flow depth; ( )cs Hk /=  is the relative equivalent roughness height; sk  is the equivalent roughness 

height; and ( )cHs /=  is a non-dimensional distance along the chute bed. The above equation was 

the result of analyzing a set of measured data (Hickox, 1945; Bauer, 1951; Bormann, 1968) using a 

non-linear optimization approach. As previously noted (see, e.g., Halbronn, 1955; Campbell et al., 

1965), the sk  value of the screen-roughened surface estimated by Bauer was unexpectedly high. 

After re-analyzing the Bauer data, a sk  value of 0.74 mm was obtained and used for developing 

Equation (25). This value was favorably agreed with the result of earlier investigation (Furuya and 

Fujita, 1967) for a similar bed roughness configuration. Figure 6 shows the result of the calibration, 

with a coefficient of determination 89.02 =R . It also compares the present result with the field data 

of Wood et al. (1983), resulting in a satisfactory agreement. Equations (23)-(25) are coupled, and 

the resulting expression is solved numerically with fourth-order Hamming’s method (Carnahan et 

al., 1990, pp. 390-392) by specifying a flow depth as a boundary condition at the inflow section. 

Figure 7 compares the computed relative boundary-layer and flow depth profiles with the 

experimental data (Bauer, 1951; Bormann, 1968). It is worth noting that the experimental data for 

the relative flow depths normal to the bed, ( )cHH /cos= , are reckoned from the measured 

velocity profiles and boundary-layer displacement thicknesses. For both profiles, the numerical 

results display a good correlation with the experimental data, with mean absolute relative errors 
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(MARE) of less than 5%. It is evident from Figures 7 and 8 that increasing the steepness of the 

chute slope shifts the point of incipient aeration further upstream toward the inflow section. A 

similar trend is also observed for the effect of relative roughness on the location of this point, in 

agreement with that of Keller and Rastogi (1975). 

 

Figure 6. Comparison of predicted and measured relative boundary-layer thickness for open-channel flows over rough 

boundaries. 

 

 

Figure 7. Relative flow depth and boundary-layer profiles for hypercritical open-channel flows over spillway chutes. 

The results obtained from the computations are depicted by solid lines that correspond in color to the experimental 

data. 
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Figure 8. The location of incipient aeration L  as a function of the chute slope for various values of relative roughness 

 . 

4.4.2 Self-aerated chute flow 

The model’s predictive capability was investigated by simulating the mean air concentration of a 

hypercritical flow ( 30 rF ) in the aerated flow zone. Its results were compared with the 

experimental data obtained by Straub and Anderson (1960) and Killen (1968) and are depicted in 

Figure 9. For the aerated flows in mildly and steeply sloping chutes, the model results satisfactorily 

agreed with the measurements (MARE = 6.1%), as shown in Figure 9a. A minor difference between 

the numerical and experimental results can be observed for chutes steeper than 50º. The results 

demonstrated that the air entrainment capacity of the flow increases as the slope of the chute 

increases. This is due to the fact that the dynamic behavior of the hypercritical flow is 

predominantly influenced by the steepness of the streamline slope (Zerihun, 2016, 2017b). 

The variation of the computed mean air concentration along the streamwise direction for a 

typical chute flow is presented in Figure 9b. The result revealed a gradual increase in mean air 

concentration within the GVF aerated flow region, ultimately approaching an equilibrium 

concentration. This trend was adequately simulated by the proposed model with a MARE of 7.7%. 

For the self-aerated flow problems considered, the overall performance of the numerical model was 

reasonably well. 

 

Figure 9. (a) Variation of the mean equilibrium air concentration with the chute slope   ( 1.322=q  L/s/m); and (b) 

mean air concentration versus non-dimensional distance from point of inception for a hypercritical flow over a chute 

with a 52.5º slope ( 5.399=q  L/s/m). 
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5. CONCLUSIONS 

A mixture flow model, which considers the effects of streamline curvature, steep gradient and air 

entrainment, was developed and then applied to investigate the mean flow characteristics of the 

self-aerated open-channel flows. The proposed model includes a coupled set of depth-averaged 

Boussinesq-type and air transport equations, and it is complemented by empirical relations derived 

from laboratory and prototype data. The applied approach endows the model with the capability to 

analyze a wide range of flow problems, with computations that are much faster than those of 3D 

simulations. A hybrid scheme that integrates finite-volume and finite-difference methods was 

adopted to discretize and solve the non-linear governing equations. To examine the performance of 

the proposed model, two specific numerical tests were carried out, and the results were compared 

against the measured data. 

For the free hydraulic jump, the numerical results exhibited a good correlation with the 

experimental data, except in the supercritical flow region close to the toe of the jump. In this region, 

the elevation of the free surface was slightly overestimated. Furthermore, the computed pressure 

distributions at various sections followed the general trend of the observed data, with the dynamic 

pressure at the bottom varying from 15 to 30% of the corresponding static pressure. Overall, the 

results of the comparison substantiated the credibility of the proposed model in effectively 

simulating such a type of self-aerated open-channel flow. 

As a part of this study, a numerical method for a non-aerated, hypercritical chute flow was 

proposed for computing the relative flow depth and boundary-layer profiles. Its application is 

limited to chute slopes between 20 and 60º. The analysis of the comparison results highlighted the 

effectiveness of the proposed method in determining the location of incipient aeration. For the 

problems of self-aerated flows in mildly and steeply sloping chutes, the overall accuracy of the 

numerical model in predicting the mean air concentration was adequate. The results of this 

investigation attested that the dynamic behavior of the two-phase flow over the smooth chute was 

favorably captured. It is therefore concluded that a mixture flow model of this type may assist 

practicing engineers in developing or modifying the conceptual design of a smooth invert spillway 

chute. 

APPENDIX: DYNAMIC EQUATION FOR DEVELOPING CHUTE FLOW  

For a steady 2D open-channel flow, the momentum equation in the x -direction is 
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where xz  is the shear stress. Considering the effects of a steep bottom slope, the pressure equation 

for a gradually-varied flow can be written as (Chow, 1959, p. 32) 
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For a constant bed slope, differentiating Equation (27) with respect to x  gives the following 

expression for the pressure gradient: 
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By vertically integrating the horizontal velocity, the following expression for the discharge of a 

steady flow is obtained: 
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The expression for the boundary-layer displacement thickness (Bauer, 1951; Iwasa, 1957) can be 

written in a form as follows: 
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Combing Equations (29) and (30) leads to 

( ).*−= HUq e  (31) 

Substituting Equation (28) into Equation (26) and then vertically integrating the resulting 

expression from += Zz  to =z  yields the following equation after simplifying the result using 

Equation (31) and re-arranging the terms: 
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